BASHCHblE BJ105KEHHH H 13-H HPOBJIEMA THJlbBEPTA 

A. CKoneHKOB 

B sToii cTaTbe paccKasano, Kax npn pemeHHH IS-ii npo6jieML.i rnjibGepxa o cynepno3Hn;H5ix 
HenpepbiBHbix cJ)yHKi];HH noaBHjiocb noHaxHe 6a3HCHoro no^MHoacecTBa h 6a3HCHoro BjioaceHHa. 
HpHBo^HTCH KpacHBbie pesyjiBTaTBi 06 3THX noH5iTH5ix, 6ojiBma3 HacTb KOTopbix ^ocTynna cxap- 
meKjiaccHHKy. Tpn nacTH cTaxbH mojkho HHTaxb nesaBHCHMo Apyr ot ^pyra (b HeGojibinoM kojih- 
HecTBe MecT, b KOTopbix oflHa HacTL. HcnojiBsyeT ^pyryio, npHBe^enbi TOHHbie ccbijikh). 

B nepBOH HacTH npHBOflHTca sjieMeHTapnoe HSJiojKeHHe Rfl^R pemeHHH 13-h npoGjieMbi Thjib- 
Gepxa o cynepno3Hii;H5ix A. H. KojiMoropoBbiM h B. H. Apnojib^oM (no MoxHBaM [Ar58]). Hpn 
3TOM noKaabiBaexcH, xax ecxecxBeHHO noHBHjioct noHaxne 6a3HCHoro BjioaceHna, h ocxaexca 6e3 
^OKasaxejibcxBa BaJKHeflmee Mecxo (jieMMa KojiMoropoBa o flepeBbax). 
O ' Ho^MHOJKecxBO K C nasbiBaexca 6a3UCHUM, ecjiH ^jia jiio6oii nenpepbiBHoii (|)yHKn;HH 

^ / : — R cymecxByiox xaxne HenpeptiBHtie (|)yHKi];HH g,h : H ^ H, mo f{x, y) = g{x) + h{y) 
^ . fljia KaacflOH xoHKH (x, y) G -ft'. 

Bo Bxopofi HacxH npHBO^HXca xapaKxepH3an;H5i rpac|)OB, Koxoptie mojkho bjiojkhx b hjiockocxb 
CN ' B KanecxBe GasHcntix no^MHOJKecxB [St89, Sk95] (pemeHHe npo6jieMB.i IIIxepHcjDejib^a) , a xaxace 
_ ee o6o6iAeHH5i [St89, Sk95, KuOO, Ku03, Ku03']. 

Tpexba nacxb nanGojiee sjieMenxapna (cm., nanpHMep, sajxann lb h 4a). HpHBOflnxca xa- 
^ paKxepH3aii;H5i GaancHbix no^MHoacecxB hjiockocxh (pemeHHe npoGjieMbi ApHOJib;i,a) [Ar58', St89, 
MKT03, Mi09], a xaxace ee o6o6nieHH5i [St89, V08I, Vo82, RZ07]. 

B xeKcxe MHoro sa^an, Koxoptie HyMepyioxca jkhphbimh H;H(|)paMH h k 6ojit.mHHCXBy koxo- 
pbix HpHBO^axca pemenna (b KOHn;e cooxBexcxByiom,ero nynxxa). Ecjih ycjioBHe saflaHH SBjiaexca 
yxBepjK^eHHeM, xo sa^ana cocxohx b xom, htoGm sxo yxBep^Kflenne flOKaaaxt. TpyflHbie sa^aHH 
oxMeneHBi sBes^oHKoli, a HepemeHHtie — j^Byus. 

EcjiH HeKoxopoe saMenaHHe b cHocKe hjih ycjiOBHe sa^aHH BaM HenonaxHo, xo ero nyjKHo 
npocxo HrHopnpoBaHXB. 3xo ne npHBe^ex k HenoHHMaHHio ^ajiBHeiimero Maxepnajia. 
^ _ Bjiaro^apio B.H. Apnojib^^a, K).M. BypMana, CM. BopoHHHa, M.H. Bajioro, A. P. Ca4)HHa h 
■ H.H. niHypHHKOBa sa nojiesHbie o6cy>K;];eHH5i, a xaxace M.H. Bajioro sa no;];roxoBKy pncyHKOB. 

O ■ O PEUIEHHH 13-H nPOBJlEMBI FHJIBBEPTA 

O ! 

IS-a npo6jieMa rHJib6epTa. 

HycxB ^ano nexoxopoe MHOJKecxBo (|)yHKij,HH F = {fa{xi, ■ ■ ■ ,Xna)}a£A (ne oGaaaxejibHo ko- 
HeHHoe) . Onpe^ejiHM cynepnoawnuw 4)yHKn;HH h3 F (hjih (popMyAy nafl F) HH^yKXHBHo: 



>< 



^ ■ (1) caMH (|)yHKH,HH fa H Bce HepeMeHHbie Xj HBJI3IOXC5I cynepno3Hn;H3MH (|)yHKn;HH h3 F. 



(2) ecjiH cJ)yHKn;HH f{xi, . . . , gi{. . . . . , (?„(. . . ) HBjiHioxca cyHepH03Hn;H5iMH cJ)yHKn;HH 
H3 F (ne o65i3axejiBHO pa3JiHHHL.iMH) , xo H (|)yHKn;Ha f{gi{. ..),..., gn{. . .)) SBjiaexcH cynepno- 
3Hn;HeH (|)yHKH,HH H3 F. Sfl^ech b xanecxBe apryMenxoB (|)yHKH,HH gi mojkho no^cxaBjiHXb jiio6t.ie 
HaGopbi HepeMeHHbix (sxh HepeMennbie Moryx h^xh b jiioGom nopa^xe, a neKoxopBie hs nepeMen- 
HL.IX Moryx coBna;];axb). 

HanpHMep, hojikhom ^ afci...fc„a;J^ ■ ■ ■ x^" ecxb cynepno3Hn;Ha 4)yHKn;HH f{x,y) = x + y vl 
g{x,y) = xy n KOHCxanx. HpHneM ecjiH mojkho Hcnojib30Baxb (|)yHKn;HH ojxhor nepeMeHHoil, xo 
x,y > npoH3Be;];eHHe mojkho h ne Hcnojib30Baxb, xaK KaK xy = 2^°^2^+iog2y. 

PaccMoxpHM cjie^yiom;He Bonpocbi. 



^ OT/i;ejiijHbie hrcth paGoTbi npe/;cTaBjiHjiHCij na jieTHHx KOHcJsepeHi^Hax TypHHpa ropo;];oB 1997 h 2006 roflOB 
(B.A. FopHHtiM. B.A. KypjiHHbiM, H.H. IIlHypHHKOBbiM H aBTopoM), Ha ccMHHapax MexMaTa MFY h na ceMHHape 
no reoMCTpHii b MH,HM0. HeKOToptie sap^ami o rjia/^KOii 6a3HCHOCTH npeflCTaBjiHjiHCb A. A. BapanoM na MejKflyna- 
poflHoii KOH(l)epeHD;HH niKOjiBHHKOB Intel ISEF b 2003 ro;i,y. Ccbijikh flaiOTca no bo3mojkhocth ne na opHrnnajibnijie 
pa6oTBi, a na oSsopti. 

^Onpeflejienne cynepno3HD;nH MO>Kno TaKsce ccJjopMyjinpoBaTb rpacjimecKH, na astiKe cxeM. 
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1. MoMCHO Au KacHcdym (fjyHKV,UK) necKOAhKux apsyMenmoe sanucamb e eude cynepnosuyuu 
(pyHKv^uu He 6oAee hcm deyx apsyMenmoe? 

2. MoofCHO Au Kaotcdym (f)yHKUu}o deyx apsyMenmoe sanucamt nan cynepnosuyuto cfjyHKyuu 
odnozo apzyMenma u npocmeumeu (f^yuKyuu deyx apzyMenmoe (nanpuMcp, caomcchuh)?^ 

HocKojibKy njiocKocTb h npsMaa paBHOMomHbi, to jiio6yio (|)yHKij,Hio xpex h 6ojiee nepeMeHHbix 
MOJKHO BbipasHTb B BH^e cynepno3Hn;HH (Boo6iri;e roBopa, paspuenux) (|)yHKi];HH ^Byx nepeMen- 
HB.IX (cm. flCTajiH B [Ar58]). HosTOMy yKaaaHHbie Bonpocbi HHTepecHbi tojibko fljia nenpepuenux 
(|)yHKn;HH. 



o6o3HaHaeTca oGbiHHoe paccToaHHe ueyKpy xoHKaMH x = (xi, . . . , x„) h (t/i, . . . , npocTpancxBa 
R". HycTB K — no^MHOJKecTBO npocxpancTBa R". OyHKi^Ha f : K ^ H HaabiBaexca nenpepue- 
Hou, ecjiH jiioGbix TOHKH xq E K n HHCJia e > cymecTByeT xaKoe hhcjio 6 > 0, hto 
J11060H TOHKH X E K c ycjioBHCM \x,xq\ < 6 BbinojiHeHo |/(a;) — f{xo)\ < e. HanpHMep, (|)yHKij,H3 



HacTH OT a;i + X2, — hct. B ^^ajibHettmeM Bce (|)yHKn;HH npe;i,nojiaraioTCJi Henpept>iBHbiMH, ecjiH 
aBHO He oroBopeHO npoTHBHoe. 

5IcHO, HTO jiioGaa sjieMeHxapnaa (|)yHKn;H5i npe^^cTaBjiaexcji b Biij^e cynepno3Hij,HH (|)yHKi];HH 
flByx nepeMeHHbix. npocTefiniHe HesjieMeHxapHbie (|)yHKij,HH — KopHH ajire6paHHecKHx ypaBHe- 
HHH. K 1900 Topy Gbijio HSBecTHo, HTo jiioGoe ajireGpaHHecKoe ypaBHeHHe ra-fl cxeneHH cbo;];htch 
(npH noMomH pa^HKajiOB, cjioacenHH, BBiHHTaHHS, yMHOJKeHHa h ^ejieHHa) k xaKOMy, y KOTopo- 
ro K03(|)(|)Hn;HeHTL.i npn x"" h paBHti 1, a npn x"~^, x"""^ h x"~'^ paBHti 0. TaKHM o6pa30M, 
ocxaeTca n — 4 nepeMennbix K03(|)(|)Hij,HeHTa. HosTOMy 'npocTeHinefl' (|)yHKij,HeH, ^jia Koxopofi ne 
Gbijio H3BecTHo BbipajKCHHe Hepes (|)yHKn;HH AByx nepeMennbix, 6t.ijia (|)yHKn;H5i x(a, 6, c), Bbipa- 
jKaiomaa pemeHHe ypaBHenna x'^ + ax^ + 6x^ + cx + 1 = ce^bMofi cxeneHH. IlosTOMy THjibGepx 
ccJiopMyjiHpoBaji cboio 13-io npoGjiCMy Tax: 

JJoKasamb, umo ypaenenue cedhMou cmeneuu x'^ + ax^ + 6x^ + cx + 1 = nepaapeiuuMO 6e3 
ucnoAbsoeaHUH cfjyHKyuu mpex nepeMennux. 

FHjibGepTy yfl^ajioch HOKasaTb, hto HCKOTopbie anaAumuHecKue 4)yHKn;HH Tpex HepeMennbix 
He aBjiHioTCH cyHepH03HH;HHMH anajiHTHHecKHx >Ke 4)yHKii;HH flByx nepeMeHHbix [Ar58]. B 1954 
BHTyniKHH ^OKasaji, hto neKOToptie r pas Henpepueno du(f)(f)epeHii,upyeMue (|)yHKn;HH ne SBjiaioT- 
ca cynepno3Hn;HJiMH r pas nenpepbiBHO ^HcJ)cJ)epeHn;HpyeML.ix 4)yHKi];HH ^Byx nepeMeHHbix [Ar58, 
Vi04]. JXjis nenpepuenux jkc (|)yHKn,HH rnnoTesa THjibGepxa 6bijia onpoBeprHyxa b 1957 ro^y 
KojiMoropoBbiM H Apnojib^oM. 

TeopeMa KojiMoropoBa-ApHOJiij/i,a. JlmBan nenpepuenan (pynnyuH npedcmaeAHemcH e eu- 
de cynepnosuyuu nenpepuenux cf)ynKuuu odnoso u deyx apzyMenmoe. 

TeopeMa KojiMoropoBa: k cynepno3HLi,H5iM cJ)yHKu,HH xpex nepeMeHHbix. 

Cnanajia b 1956 r. KojiMoropoBy y^ajiocb ;i,OKa3aTb, hto npouseoAbnasi nenpepuenan (pynnyusi 
6oAee ueM mpex nepeMennux HeAHemcR cynepnosuyueu nenpepuenux (pynKyuu mpex nepeMen- 
nux. On HcnojibsoBaji cjie^yioniee noHHTne. (Ecjih sto nonaxne hjih nocjie^yion^HH tckct 
jicMMbi KojiMoropoBa o6 ynnBcpcajibnbix (|)ynKn;H5ix noKaacyTcs BaM cjiojKHbiMH, Bbi MOJKexe 
cpaay nepenxH k SToii jicmmc. /Ipyron Bapnanx — nponnxaTb stot tckct ^jih n = 2, a b SToii 
jicMMC cnoBa BepnyxbCH k nponsBOjibnoMy n.) 

■^^jiH 4)yHKLi,HH ajire6pi>i jiophkh OTBeTBi na o6a Bonpoca nojio>KHTejibHbi (nocKOJibKy jiio6yio 4)yHKii,Hio ajireGpti 
jiorHKH MOJKHO BbipasHTb Hepcs 'h' h 'ne'). AnnpoKCHMaLi,HOHHaH TeopeMa BeiiepinTpaca noKasbiBaeT, hto 4)yHKD;HH 
HecKOjiBKHX apryMeHTOB MOJKeT Gbitb paenoMepHO npu6AuatceHa na KOMnaKTHOM MHOJKecTBe nojiiiHOMaiviH, T.e. 

Cynepn03HLi;HHMH KOHCTaHT, CJIOJKeHHa H yMHOJKeHHH. 



Hepes 
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Phc. 1: HpHMepbi ^epeBbee KOMnoneHT MHoacecTB ypoBHa h pasjiojKeHHfl Kponpo^a 



06o3HaHHM / = [—1; 1]. /JepeeoM Tf KOMnoHenm MHOCHcecme ypoeufi (\)yBKi\vm f : ^ I na- 

SblBaeTCH MeTpHHeCKOe npOCXpaHCXBO, XOHKaMH KOXOpOrO 3BJI3K)XC3 KOMnOHeHXbl CB33HOCXH MHO- 



acecxB / ^(c), c G /, a MexpHKa onpe^ejiena b |http: / / en.wikipedia.org/wiki/Hausdorf_distance 



HanpHMep, ;i,epeBO KOMnonenx MHoacecxB ypoBHa 4)yHKn;HH /:/ —)■/, f{x,y) = xy, roMeo- 
Mop(|)HO 6yKBe X. ^pyrne npHMepbi npHBe^eHbi na pncyHKe (cm. flfiTajin b [Ar58]). 

Ohcbh^ho, hto jTio6a5i (|)yHKn;H5i /:/"—)■/ ox n nepeMennbix npe^cxaBjiaexca b bh^c kom- 

n03HIJ,HH I"^ ^ Tf ^ I ^JI3 HCKOXOptlX OXo6pa>KeHHH f VL tf. ripOCXpanCXBO Tf MOJKHO CHHXaXb 

jiejKamHM 6e3 caMonepeceneKHH b KBa^paxe P. @ HoaxoMy tf mojkho cHHxaxb napoii cJ)yHKn;HH 
Uf,Vf : /" — )■ I. OyHKi^Hio / mojkho npoflOJiJKHXt na bccb KBa^pax P (no xeopene Ypbicona o 
npoflOJiacennn) , x.e. cnnxaxb 4)yHKn;HeH flByx nepeMennbix. HxaK, hmccm (pnc. 1) pasAOCHcenue 
Kponpoda 

f{Xi, ...,Xn) = f{Uf{Xi, ...,Xn), Vf{xi, 

JleMMa KojiMoropoBa o6 yHHBepcajibHbix /i,epeBb5ix. /Jjih a'K)6oso n > 2 
cym,ecmeymm maKue depeet>fi Ti, . . . , T„+i u cfjyuK'nuu ti : I"" ^ Ti, umo 
Bah aw6ou Henpepuenou (f)yHKv,uu f : I"' ^ I om n nepeMennux 

cyiu^ecmeymm nenpepuenue (f)yHKii,uu gi, ■ ■ ■ ,gn+i '■ I om n nepeMennux, Bar Komopux 

Tg^ =Ti, tg^=ti H / = 5-1 H h Qn+i- 

BaJKHO, HTO flepeBbsi Tg. KOMnonenx mhojkccxb ypoBHS 4)yHKn;HH Qi (n cooxBexcxByionine oxo6- 
pa>KeHH5i tgj ne 3aBHC5ix ox /, xoxh caMH (|)yHKn;HH Moryx 3aBHcexb ox /. 



J^JiR flOKasETejibCTBa nysKHO noKaaaTb, ito Tf HEjiaeTCH depeeoM, t. e. oflHOMepnbiM CTarHsaeMbiM jiOKajiBHO 
CBHSHbiM KOMnaKTOM. HpHMepiji flepeBbCB HaxoflHTCH Ha pHC. 3,4,5 HHJKe. JIio6oe flepcBO njianapHO [Ku68]. 
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IIo-BHflHMOMy, jieMMa Bepna h ^jih n = 1 (ho 3to neTpHBHajibHo) . 

/],0Ka3aTejii>CTBa mbi ne npHBOflHM. Xota oho ABjiaiOTCfl BaacHtiM niaroM b flOKaaaTejitCTBe 
TeopeMbi KojiMoropoBa-ApHOJibfla, ho nama H,ejii> — ocBeTHTb hmchho tb marn, b kotopbix hojibh- 
jiocb HOHflTHe 6a3HCHoro BjioaceHHfl. KpoMe Toro, npo6jieMy THjibGepTa moscho peniHTb HaMHoro 
npome: cm. HHJKe cynepno3Hn;HOHHyio xeopeMy KcnMoropoBa h ee ^^OKasaTcnbCTBO b [Ar58|. 

Ha jieMMBi KojiMoropoBa 06 ynHBepcajiBHtix flepeBtax h pa3Jio>KeHHH KpoHpo/],a BbiTCKaeT 
cjieflyioni,HH pesyjibTax (flOKaxcHTe!). 

JieMMa KojiMoropoBa 06 yHHBepcajibHBix 4)yHKii,HHx. JJ^aji ak>6o3o n> 3 
cymecmeyem maKou Ha6op U3 2n + 2 nenpepuenux ^yHKV,uu Ui,Vi : I"' ^ I (i — 1, . . . ,n+ 1) 
om n nepeMCHHUx, 

umo Bar awBou Henpepuenou (^yuKv^uu f : I"- I om n nepcMCHHUx 

cyiu,ecmeywm nenpepuenue (fjyHKV,uu fi : P ^ I (i = 1, . . . ,n + 1) deyx nepeueHHUx, dAH 
Komopux 

n+l 

/(Xi, . . . , X„) = ^ MUi{Xi, . . . , Xn),Vi{Xi, . . . , Xn)). 
i=l 

BaJKHO, HTO 4)yHKn,HH Ui, Vi He 3aBHC3T OT / (npH 4)HKCHpOBaHHOM n), XOTH 4)yHKn,HH fi MoryT 
3aBHCeTb OT /. 

3Ta JieMMa TpHBHajibna fljia n — 1 vl n — 2 (noflyMaiiTe, HoneMy). 

Ha6pocoK doKasamejibcmea meopeMU KojiMosopoea eupasuMocmu nepea ^yHKV,uu mpex ne- 
peMCHHux. ^jifl 4)yHKH,HH /(^i, X2, ^3, X4) HeTbipex HepeMeHHbix HMeeM 

4 

/(X1,X2,X3,X4) = fxA^l,X2,X^) = ^fx^,i{Ui{xi,X2,X3),Vi{Xi,X2,X3)) = 

i=l 

4 

= '^Fi{ui{xi,X2,X3),Vi{xi,X2,X3),X4.), Tfle Fi{a, b, c) = fc,i{a, b) . 

i=l 

OyHKu,Ha fx^ HeiipepbiBHO 3aBHCHT ot napaMerpa x^. PaneHCTBo (*) iiojiynaeTca npHMeneHHeM 
jieMMbi KojiMoropoBa 06 ynHBepcajibHbix 4)yHKii,Hflx. Mbi Hcnojib3yeM ycHjienHbiii BapnaHT stoh 
jieMMbi, yTBepjKflaiomHH, hto Kascflaa h3 n + 1 4)yHKii,HH /j nenpepbiBHO 3aBHCHT ot HCxoflHoii 
4)yHKii;HH /. PI3 3Toro BapnaHTa BbiTexaeT nenpepbiBHaji 3aBHCHMOCTb 4)yHKii;HH f^^^^i ot napaMeT- 
pa X4 {i = 1, 2, 3, 4). A 3to BjieneT nenpepbiBHocTb (J)yHKii,HH {i = 1, 2, 3, 4). 

^jia (|)yHKLi;HH Gojibinero KOJinnecTBa nepeMennbix paccya<fleHHe aHajiorHHHo. QED 
1. 3a o^Hy KoneiiKy aBTOMaT Bbi^aeT 3HaHeHHe 3aflaHH0H BaMH HeiipepbiBHott (J)yHKii;HH Tpex 
nepeMeHHbix na 3aflaHH0H BaMH TpoiiKe HHceji. 3a Kaxyio cyMMy Bbi 3aBeflOMO CMOJKeTe bbihhc- 
jiHTb 3aflaHHyio HenpeptiBHyio 4)yHKi];Hio n nepeMeHHbix (npn ycjiOBHH HajiHHHfl y Bac Heorpann- 
HeHHoii HaMaTH)? 

TeopeMa Apnojifc^a: k cynepno3Hii;HaM (JiyHKi^nii ^eyx nepeMeHHbix. 

^jifl flOKa3aTejibCTBa TeopeMbi KojiMoropoBa-ApHOJib^a ocTajiocb HpoH3BOJibHyio nenpepbiB- 
Hyio 4)yHKii;Hio Tpex nepeMeHHbix BbipasHTb nepes cynepno3Hn,Hio nenpepbiBHbix 4)yHKn,HH flbyx 
nepeMeHHbix. JX^m SToro iiojiesHO cjie^yiomee iiOHHTHe. 

rioflMnojKecTBo T G Ha30BeM 6a3UCHUM, ecjin jiioGaa nenpepbiBnaa (J)yHKn,H3 na T MoaceT 
6biTb pa3Ji0JKeHa b cyMMy Tpex 4)yHKii;Hft, KajK^aji h3 KOTopbix 3aBHCHT tojibko ot o^hoh KOopflH- 
naTbi. Hjih, 4)opMajibHO, ecjiH fljia jiioGoh nenpepbiBHoii 4)yHKH,HH / : T" — > 7 cymecTByiOT Taxne 
nenpepbiBHbie 4)yHKH,HH gi, g2, gs : I ^ I , hto 

f{x,y,z) = gi{x)+g2{y)+g3{z) ^jih {x,y,z)eT. 
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JleMMa ApHOJifafla o /],epeBi>5ix. JImdoe depeeo peaAuayemcH kuk 6a3ucHoe nodMHo^tcecmeo 
e P (m.e. monoAOduuecKU aKeueaAenmHO HCKomopoMy 6a3UCH0My nodMHOCHcecmey e P). 

H^ea ;];oKa3aTejibCTBa BH;i,Ha na npHMepe ^oKasaxejibcxBa jih6o GasHCHofl bjiojkhmocth b njioc- 
KOCTb KOHeHHoro ^epeBa, h3 Ka>K;i,OH BeprnHHti KOToporo bl.ixo/i;ht jih6o o^ho, jih6o xpn pe6pa 
[Ar58], jih6o 6ojiee cHjibHoro yxBepac^eHHa (c) b npeflnocjieflneM nyHKxe BTopoli nacTH. 

JleMMa ApHOJifafla 06 yHHBepcajit.Hfaix 4)yHKLi,H5ix. Cyvui,ecm6yem maKou uaBop us de- 
enmu nenpepuenux cfjyHKyuu Ui : P ^ I f-i = 1, 2, . . . , 9j deyx nepeMennux, umo 
dAR AwBou Henpepuenou cfjyHKV^uu f : P ^ I deyx nepeMennux 
cyiu^ecmeytom nenpepuenue (pynnyuu fi'.I^I (i = 1,2, ... ,9) odnou nepeMennou, 
dAH Komopux f{x,y) = fi{ui{x,y)) H h h{ug{x,y)). 

BaJKHO, HTO (|)yHKn;HH Ui ne saBHcax ox /, xoth (|)yHKn;HH /j Moryx aaBHcexb ox /. 

floKasameAbcmeo. Bo3t.MeM ^epeBba Ti, T2, T3 h3 jieMMbi KojiMoropoBa 06 yHHBepcajiBHbix j\e- 
peBb3x fljia n = 2. Ho jicmmc Apnojib^^a o ;];epeBt.5ix cymecxByiox GasHCHbie BjioaceHHa {un, Ui2, Uis) : 
Ti — )■ P. HojioJKHM ti3(j_i)+j := Uij. BosBMCM (|)yHKii;HH gi,g2,g3 : P ^ I (saBHcamne ox /) h3 
jieMMBi KojiMoropoBa 06 yHHBepcajit.Ht.ix ^epeBtax fl^jis n = 2. IlpHMeHaH anajior pasjiojKeHHs 
KpoHpo^a H oHpe;];ejieHHe GaancHocxH, HOJiynaeM 

9i{x,y) =g,{uii{x,y),Ui2{x,y),Ui3{x,y)) = giiiuii{x,y)) + gi2iui2{x,y)) + gi3iuis{x,y)) 

fljia HeKoxoptix (|)yHKn;HH gij : P ^ I. OcxaexcH hojiojkhxb fm_i^^j := gij. QED 
Tenepb xeopena KojiMoropoBa-Apnojib^a Bbixexaex h3 
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f{x, y, z) = f,{x, y) = Y^ fi,z{ui{x, y)) = ^ Fi{ui{x, y),z), r^e Fi{t, z) = fi,^{t). 

i=l 2=1 

HenpepBiBHOcxb (|)yHKu;HH Fi ^OKaatiBaexcH anajiornnHO npe^t.iflyiu;eMy nyHKxy (c HcnojitsoBa- 
HHCM cooxBexcxByioniero ycHJieHHH jieMMt.1 ApHOJib;i,a 06 yHHBepcajibHt.ix ^ymax^sx). 

2. 3a o^Hy KoneflKy aBxoMax Bt.i;];aex sHaneHHe saflaHHott BaMH HenpepbiBHoit (|)yHKii;HH ^Byx 
nepeMeHHbix na sa^aHHofl BaMH nape hhccji. 3a Kaxyio cyMMy Bt.i saBe^oMo cMOJKexe Bbinncjinxt. 
3a.j\amiyK) nenpepbiBHyio (\)yBKi\mo n nepeMennbix (npn HajiHHHH HeorpaHHHeHHofl naMaxn)? 

TeopeMa KojiMoropoBa: k 4)yHKu,H5iM op^tiom nepeMeHHoii h cjio>KeHHK). 

B xoM >Ke 1957 ro;i,y KojiMoropoB ^^oKasaji eme 6ojiee cHjit.Ht.iH pesyjibxax, hs Koxoporo xaxxce 
Bbixexaex pemeHHc npo6jieMt.i THjibGepxa. 

Cynepno3HLi,HOHHa5i TeopeMa KojiMoropoBa. JJmBafi nenpepuenan (^ynnyufi npedcmae- 
AHemcfi 6 eude cynepnosuyuu CAOotcenufi u nenpepuenux cfjynKyuu odnou nepeMennou. 

BoAee mouno, Bar Kaotcdoeo n > 1 cyiu^ecmeyem na6op n{2n + 1) manux nenpepuenux (pynn- 
yuu Uij : I ^ I (i = 1, . . . ,2n + 1, j = 1, . . . ,n) odnou nepeMennou, umo 

Bah awBou nenpepuenou (^ynnuuu f : I" ^ I om n nepeMennux 

cyuj,ecmeymm nenpepuenue (pynnyuu fi, . . . , /2n+i '■ I ^ I odnou nepeMennou, Bar Komopux 

2n+l / n \ 

f{Xi,...,Xn) = ^ fii^Uij{Xj)\ . 

i=l \j=l ) 

3;];ecb BaJKHO, hxo 4)yHKn;HH Uij ne saBHcax ox /, xoxa (|)yHKn;HH /j Moryx saBHcext ox /. 
3jieMeHxapHoe HSJioaccHHe ^^OKasaxejibcxBa npHBe;],eHHOH xeopcMbi mojkho nafixH b [Ar58] . 

^^OKasaTejibCTBO jieMMBi ApnojiBfla HcnojibsycT TeopeMy Menrepa o cymecTBOBaHHH yHHBepcajiBHoro /],epeBa. 
Ha caMOM ;i,ejie, ApHOjib/i, flOKasaji STy jieMMy fljia flepeBbCB c TO^xaMH BeTBjieHiiH TpeTtero nopH/;Ka. Btofo 6ijIjio 
floCTaTOHHO peineHHH npo6jieMi>i rHjii>6epTa. 06iii;Hfl: cjiynaii jicmmh ;i,OKa3aH OcTpaH/],OM b 1965 [St89]. 
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3. 3a oflfiy KoneiiKy aBTOMax jih6o cKjia^biBaex p^a 3a;];aHHt.ix BaMH HHCjia, jih6o Bt.i;];aeT 
SHaneHHe sa^^aHHofi BaMH nenpepbiBHofi (|)yHKij,HH oflfion nepeMeHHofl b sa^aHHofi BaMH tohkc. 
3a KaKyio cyMMy Bt>i saBe^oMo cMoacexe bbihhcjihtb sa^aHHyio HenpepbiBHyio (|)yHKn,Hio n nepe- 
MeHHbix (npH HajiHHHH HeorpaHHHeHHOH naMaxn)? 

06 anajiHTHHecKHx npo6jieMax, cBasaHHbix c 3thm BbiflaiomHMCH pesyjibxaxoM KojiMoropoBa, 
CM. [St89, Vi04]. O TonojiorHHecKHx npoGjieMax HanHcano jxemee. 

BasHCHfaie BJio^KeHHa b MHoroMepHt.ie npocTpancTBa. 

HoflMHOJKecTBo K C R" HasbiBaexca 6a3ucHUM, ecjiH jijis jiioGoh HenpepbiBHofi (|)yHKn;HH 
/ : i^' — 7- R cymecTByioT xaKne HenpeptiBHtie 4)yHKii,HH /i ,...,/„: R —t- R, hto 

/(xi, . . . = /i(a;i) H \- fnixn) {xi,...,Xn)eK. 

HpocTpaHCTBo K HasbiBaexca Basucno baomcumum b R", ecjiH cymecTByeT BjiojKeHHe K — )■ R", 
oGpas KOToporo GasHCHbifl. 

OyHKij,HH Ha HpoHSBOJiBHOM Ti-MepHOM KOMHaKTc yjKc Hejib33 Hpc^^cTaBjiHTB ce6e KaK 4)yHK- 
H,HH n HepeMeHHbix. O^^naKo hohhthc GasHCHofi bjiojkhmocth ;i,ocTaBji3eT anajior pasjioacHMocTH 

cJ)yHKH,HH Ha KOMHaKTaX B CyHepH03HU,HK) (|)HKCHpOBaHHt>IX 4)yHKU,HH H CJIOJKeHHH. 

Hs cyHepH03HH,H0HH0H TeopeML.1 KojiMoropoBa cjie^yex, hto n-Mepnuu Ky6 Basucno baomcum 

n 

6 R^"+^. /],eHCTBHTejit.Ho, 4)yHKH;HH Ui = 'Y^ Uij {i = 1, . . . ,2n + 1) h3 TeopeMbi KojiMoropoBa 

onpeflejisioT GasHCHoe BjioaceHHe J" — )■ OcxpaHfl saMexHji b 1965 r., hto stot (|)aKT mojkho 

o6o6n];HTB. 

TeopeMa OcTpaH/i,a. JIwBou n-Mepnuu KOMnanm 6a3ucno baochcum e R^""*"^ [St89]. 

3Ta TeopeMa ycHjiHBaex xeopeMy HeGjiHHra-MeHrepa-IIoHTparHHa o bjiojkhmocth jiio6oro n- 
MepHoro KOMHaKxa b R^"+^ [Ku68]. 

Ha caMOM ^ejie OcxpaH^ ^oKasaji cjie^yion^HH Gojiee chjibhbih peayjiBxax, o6o6n];aion];HH cy- 
nepH03HH;HOHHyio xeopeMy KojiMoropoBa (a ne xojibko ee cjie^cxBHe). 

Ilycmh Xi, . . . , Xm — KonennoMepnue MempunecKue npocmpancmea. Uoaochcum n = dimXi + 
• • • + dimXm u X = XiX ■ ■ ■ X X^- Tozda cyiu^ecmeymm manue nenpepuenue c^ynnv^uu Uij : Xj — 
R, (i = 1, . . . ,2n + 1, j = 1, . . . ,m), umo Bar cfjynKii,uu Ui{xi, . . . , Xm) = Un^Xi) + ■ ■ ■ + Uim{xm) 
u Am6ou nenpepuenou (pynnunu / : X — )■ R cymecmeymm nenpepuenue cfiynKyuu /i, . . . , /2n+i : 
R — !■ R, dAH Komopux 

f{xi, Xm) = fl{ui{xi, . . . Xm)) H h f2n+l{u2n+l{xi, Xm))- 

HMeioxca n-MepHbie nojiH3flpbi, ne BjioJKHMbie b R^" [Pr04, Sk]. 

TeopeMa IIlTepH4)ejifa/],a. /Jasi awBozo n > 2 awBou n-Mepnuu KOMnanm (nanpuMep, n- 
Mepnuu Ky6) ne baomcum 6a3ucno e R^" [St89]. 

HnxepecHo, hxo xeopeMa nixepHcjDejiBfla peflyn;Hpyexc5i k KOMGHHaxopno-reoMexpHHecKOMy 
yxBepjKfleHHK) npn noMomH MHoroMepnoro anajiora KpHxepna GasHCHOcxn, npHBe^eHHoro b xpe- 
xbefl HacxH HacxoHmefi cxaxbH. 

OneBH^^Ho, HTo K 6a3HCHo BjiojKHM B R xor^^a H xojiBKo TOTjxa., Kor;i,a K xonojiorHHecKH 
BjioJKHM B R. Hs xeopeM OcxpaH;];a h IIIxepH(|)ejib;];a cjie;];yex, hxo dAR m > 2 KOMnanm K 
6a3Ucno baochcum e R™ mozda u moAbKO mozda, nozda dimi^' < m/2. TaKHM o6pa30M, b 1989 r. 
ocxaBajiocb HensBecxHbiM jiHinb onncaHHe KOMnaKXOB, 6a3HCHO bjiojkhmbix e nAOCKOcmb. 



''3tot nyHKT HesjieMCHTapeH, (JjopMajibHO ne iicnojiBsyeTca b flajiBHeiinieM h mojkct 6ijiTb onymen HHTaTejieM. 
O^HaKO Mbi npHBOflHM CFO, HOCKOjiBKy OH flaeT HBTKyio KapTHHy fljiH pasHBix pasMepHOCTeii. 
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Phc. 2: 




Fi F2 Fs 



Phc. 3: 

BA3HCHME BJlOmEHHil B njIOCKOCTb 

BaSHCHclH BJIOaCHMOCTb B HJIOCKOCTb. 

Fpacj:) (hjih KOMnaxT) K HasbisaeTCH 6a,3UCM0 baochcumum b njiocKOCTb, ecjiH cymecTByex xaKoe 
BjiojKCime ip : K ^ R^, hto fljia JI1060H HeiipepbiBHoii 4)yHKLi,HH / : ^p{K) R cymecTByiOT xaKHe 
HeiipepbiBHbie (J)yHKii,HH g , h : R ^ R, hto f{x, y) = g{x) + h{y) ^jia jiioSoii tohkh {x, y) G ^p{K). 
(OnpeflejieHHe HenpepMBHoii 4)yHKi];HH HanoMHeno b Hanane nacTH 1.) 

HpoGjieMa onncaHHa rpacJiOB (h KOMnaKTOB), 6a3HCHO bjiojkhmbix b hjiockoctb, nocTaBjiena 

IHxepHcJiejIb^^OM [St89]. KpHTepHli 5a3HCHOH BJIOJKHMOCTH JIHHeHHO-CBHSHblX KOMnaKTOB B HJIOC- 
KOCTb iiojiyncH B [Sk95]. /Ijih KOHennbix rpacJjOB oh 4)opMyjmpyeTCH oco5eHHO iipocTO. 

KpHxepHH SasHCHoit Bjio:acHMOCTH rpa4)OB. [Sk95, cp. Sk05] KoneHHUu epacf) K 6a3uc- 
Ho ejioofcuM 6 njiocKocmb mosda u mojibKO mosda, Kosda eunojiHeno odno U3 cjiedymiu^ux deyx 
9K6U6ajieHmHux ycjioeuu: 

(S) K He codepcHcum nodspa^oe, eoMeoMopcfjuux oKpycucHocmu S^, nenmody T5 = Ci uau 

Kpecmy c paseemeAeHHUMU Konv^aMU C = C2 (puc. 2); 
(U) K codepcHcumcH e odnoM us 2pacf)oe Rn (puc. 3). 
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C4 B H2 

Phc. 4: 




1-0 1-0 1-0 1 0-1 0-1 0-1 

Phc. 5: 
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Onpedenenue epacf)oe Fn u Rn (puc. 3). HycTb Fi — xpHO^, h jiio6oro n rpacj) nojiynen 
H3 Fn pasBeTBjieHHeM Kaacfloro BHCflnero peSpa ipa(|)a F„. FpacJ) nojiynaeTCfl h3 rpa(J)a F„ 
floSaBjieHHeM BHCflnero peSpa k KajKfloii tohkb BeTBjieHHa rpa4)a F„. 

^OKaaaTejiBCTBO npHBOflHTca b cjieflyioii],eM nyHKTe. 

HpHBefleM 6e3 flOKaaaxejibCTBa pemeHne npoSjieMti IIlTepHc^ejibfla fljia Sojiee o6iii,ero cjiynaa 
(ero MOJKHO nponycTHTb 6e3 yiri;ep6a j\Jiii noHHMaHHH ;];ajibHeiimero). 

KpHTepnii SasHCHoii bjio>khmocth jiHHeiiHO-CBasHMx KOMnaKTOB. [Sk95, cp. Sk05] 
JIuHeuHO-ceHSHUu KOMnanm K 6a3UCH0 baochcum e nAOCKOcmb moeda u moAhKO mosda, Kozda oh 
A6JiAemcH JioKajibHO C6A3HUM (m.e. neanoecKUM) u eunojiHeno odno U3 cjiedywmux deyx skbu- 
eajienmHux ycjioeuu: 

(1) K He codepofcum nodKOMnaKmoe ,02,0^, B u, d/iA HeKomoposo n, nodKOMnaKmoe Fn u 

Hn (puc. 2, 3, 4); 

(2) K He codepcHcum nodKOHinuHyyMoe S^,Ci,C2,C3, B, F, H^, H^, h^, (puc. 2, 4, 5). 

BBeflCM HcnojibsoBaHHbie oGosHaHeHHH (pnc. 4, 5). HyAh-nocAedoeameAhHocmbw MHoacecxB 
HasbiBaeTCfl nocjieflOBaTejiBHOCTi. MHoacecTB, flnaMeTpbi KOToptix cxpeMaTca k nyjiio. 

06o3HaHHM Hepe3 C3 xpecT c Hyjib-nocjieflOBaTejiBHOCTbio ^yr, cxoflfliii,Hxcfl k ero 'i^enxpy' h 
npHKjieeHHbix k oj^noVi h3 ero 'bctbch'. 

06o3HaHHM Hepes C4 KpecT c iiocjie/j,OBaTejibHOCTbio TO-ieK, cxo^a:in;HXC5i k ero 'n;eHTpy'. 

Kaacflbiii h3 KOHXHHyyMOB B, Hn, F, H_^, H_ HBjiHexca o6x.eflHHeHHeM oTpe3Ka / = [0; 1] h 
Hyjib-nocjieflOBaTejibHOCTH 

• flyr, npHKjieeHHbix 3a o^hh Konen; k (0, 1) b flBOHHHO-paii,HOHajibHbix TOHxax (fljia B; one- 
BHflHO, HTO TonojiorHHecKHH THH npocTpaHCTBa B He 3aBHCHT OT BapHaii;HH B 3T0M nocxpoeHHH); 

• XpHOflOB, npHKJieeHHblX K / 3a OflHH KOHeii; B XOHKaX MHOJKeCXBa {3~'i + • • • + S"'"* I s < 

n, < h < ■ ■ ■ < Is - ii,ejibie} (flJia Hn) ; 

• rpacJiOB Fn, npHKjieeHHbix k xoHKaM 1/n 3a o^ny h3 BHCflHHx BepniHH (fljia F); 

• KOHXHHyyMOB Hn, coeflHHeHHbix c xoHKaMH 1/n flyraMH, HepeceKaiomHMH Hn b 1 e 7 C Hn 
(fljifl i7+) HjiH B e / C Hn (flJia H_). 

KoHXHHyyM (cooxBexcxBeHHO nojiynen h3 Hyjib-nocjie;];oBaxejibHocxH KOHXHHyyMOB Hn 
CKjieHBaHHeM xonex 1 G / C H^ h G / C Hn-i (cooxBexcxBeHHO xonex G / C Hn h 

lelcHn-i). 

rHH0Xe3a O 6a3HCHOH BJIOJKHMOCXH (ne 06a3axejIbH0 JIHHeHH0-CBfl3HbIx) KOHXHHyyMOB B HJIOC- 

Kocxb em,e Sojiee rpoM03flKa. Ona c4)opMyjiHpoBaHa b [Sk95, RS99]. 

Ha6pocoK ^oKasaTejibCTBa KpHxepHa 6a3HCHOH bjio»chmocth rpa(J)OB. 

^ocxaxoHHO flOKa3axb cjieflyron^He xpn yxBepacflenHfl. 

(a) OKpyjKHOCXb 5"^, nenxofl T5 h Kpecx c pa3BexBjieHHbiMH KOHn,aMH C (pnc. 2) ne BjiojKHMbi 

6a3HCHO B R^. 

(b) EcjiH KOHeHHbiii rpacj) K ne coflepacHx hh oflHoro h3 rpacJ^OB S^, T5 r C (pnc. 2), to K 
coflepjKHxca b (pnc. 3) fljia neKOxoporo n. 

(c) KajKflbiH rpacj) i?„ (pnc. 3) 6a3HCHO bjiojkhm b R^. 

Ha6pocoK doKaaameAbcmea ymeepcmdeHusi (b). ^OKaaceM, hxo depeeo Ken neeucmuMU eep- 
muHaMu, He codepcncaut,ee spafioe T5 u C, codepcHcumcK e Rn- Bo3bMeM HpoH3BOJibHyio BepmnHy 
a & K. HocKOjibKy K ne co;];ep>KHT T5 h C, xo dega < 4, iipH^eM ecjiH dega = 4, xo a HMeex 
BHCHHCc pe6po. SnaHHx, oKpecxHOCTb tohkh a VL3 K mojkho BjiojKHTb B Rn xaK, Hxo a nona^ex b 
ii,eHTp Rn, a 3xa OKpecxHOCXb nepeH/],ex b oxpeexHOCXb ii,eHxpa Rn- C KajK^ott BepniHHOH, co- 
ceflHefi c a, HOCxynaeM anajiornHHO. HocKOJibKy 'rjiySnna' rpa4)a Rn (x.e. KOJinnecxBO HeBHCflHHx 
BepniHH Ha caMoii fljiHHHoli bcxbh ox H;eHxpa) panna n, a neBHcanHx BepniHH b K poBHO n, xo, 
HpoflOJiacaa sxox HpoH;ecc flajibme, mm CMOJKeM bjiojkhxb b Becb rpacj) K. QED 
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A 




X 



(a) 



(b) 



Phc. 6: 



Ha6pocoK doKasameAbcmea ymeepotcdeHusi (c). OGosnanHM nepes Rq oxpesoK. BasncHbie bjio- 
>KeHH3 Rn — )■ cTpoHTCH iio HH/j,yKLi,HH n > 0. BjiojKHM Rq b [—7; 5]^ KaK flHarOHajIb, 
coeflHHsiomyio tohkh (—7, —7) ii (5,5). 

BjiojKeHHe Rn — > nojiynaeTCfl h3 BjiojKeHHfl na pnc.Ga floSaBjieHHeM Tpex BjiojKeHHii rpa4)a 
Rn-i B KBaflpaTHKH A, B, C. npoeKii;HH A^, Bx, Cx KBaflpaTHKOB Ha ocB Ox He nepeceKaiOTca 
flpyr c p^yroM h c npoeKi^Hefi oxpesKa b napajiJiejiBHoro ropHSOHTajiBHofi och. AnajiornHHoe 
yTBcpjK/],eHHe cnpaBefljiHBo h fljia npoeKii,HH Ay, By, Cy KBaflpaxHKOB na ocb Oy. 

/],OKa>KeM, HTO nocTpoeHHBie BjioacenHfl SaaiiCHbie, npn noMOiri,H HHflyKii;HH no n. Baaa HH^yK- 
i];hh n — Q OHeBHflHa. ^OKaaceM mar HHflyKii,HH. 

riycTb n>lH/:i?„— >R — HenpepbiBHaa 4)yHKii;Hfl. ^jia t e [0, 1] nojioJKHM g'(i) := f{t, 0), 



:= /(i, - ^(t) = f{t, t) - fit, 0) H := /(-i, - h{t) = fi-t, t) - fit, t) + fit, 0). 



gi-t) := fi-t, t) - hit) fljia teCy H hit) = fit, t) - git) fljia t e i-Cy) U B^ ^ R. 

npo;];oji>KHM nocxpoeHHyK) (|)yHKri;Hio g : A^U B^U i—Cy) U [—1; 1] U Cj; ^ R flo HenpeptiBHoii 
4)yHKii,HH g : [—7; 1] U C^; — )■ R (nanpHMep, jiHHettHo). IIojiojkhm 



hit) ^ fi-\t\,t) - git) fljifl ie[-6;4] h git) :^ fit, t) - hit) fljia i e [1; 2] U [3; 5] 



(sTO oiipe^ejieHHe coBnaflaex c npejKHHM fljia t G [—1;!]). Hocjie SToro iipoflOJiacHM g r h jip 
HenpepbiBHbix (|)yHKi];HH R — > R. 5Icho, hto nojiyHenHbie 4)yHKii,HH g r h — ncKOMbie. QED 

HpH flOKaaaTejibCTBe yTBepacflenHa (a) mbi HcnojiBsyeM KpHTepnii 6a3HCHOCTH h3 nacTH 3 (a 
TaKsce npHBe^eHHoe nepe^ hhm onpeflejieHne mojihhh h npHBe^eHHoe nocjie nero onpe^ejieHHe 
onepaii;HH E). 

/foKasameAbcmeo 6a3UCH0u HeeAootcuMocmu OKpyotcHocmu. [St89] HycTb sa^^ano BjiojKeHHe 
OKpyjKHOCTH S C R^. Ha iiepBOM mare iipHMeHeHHH E b S saKpamHBaercH b Somiil ri,BeT He 
6ojiee Hexbipex ToneK (sto tohkh, b KOToptix cym,ecTByK)T oiiopHtie iipajvibie, iiapajuiejibHbie ko- 
opflHHaTHBiM ocflM H nepeceKaiom,He K poBHO b oahoh TOHKe) . Ecjih nocjie n-ro mara npHMeneHnfl 
E saKpameno 6ejit.iM n,BeTOM k ToneK, to na cjieflyiom;eM mare saKpamnBaeTca ne Sojiee 2k ToneK. 



Ho npeflnojioJKeHHK) HHflyKii,HH cym,ecTByiOT Taxne 4)yHKii,HH 



g : A^U B^UCx h h : Ay U By U Cy ^ R, hto 



fix,y) = gix) + hiy) fljia ix,y) e iAU B U C) n R, 



riojioacHM 
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Phc. 7: ^OKaaaTejibCTBO SasHCHoii HeBjiojKHMOCTH neHTO^a 



B caMOM flejie, ecjiH saKpaniHBaeTcs TOHKa a e £'"(5'), to xots 6hi na OflHoii h3 flnyx npsMbix, 
npoxo;];Hin;HX nepes a h napajijiejibHbix Koop^^HHaTHbiM ochm, ecTh saKpameHHaa panee TOHxa. B 
npoTHBHOM cjiynae Kaacflaa h3 3thx npHMbix BbiceKaex b E'^{S) ne Menee flByx tohck, x.e. a ne mo- 
aceT Sbitb saKpameHa na (n + 1)-m mare. HiaK, nocjie KoneHHoro HHCJia maroB 6yfleT saKpameHO 
KOHeHHoe HHCJio ToneK, T.e. E'^{S) ^ fljia jiioSoro n. QED 

JHoKasameAhcmeo 6a3UCH0u neejiocHCUMOcmu nenmoda. FIpeflnojiojKHM, hto neHTOfl 75 6a3HC- 
Ho BjiojKeH B njiocKOCTb. HycTB d — BepniHHa iiewioj\a,. Tax xax E^{Tr^) = ^jih neKOToporo n, to 
cymecTByeT MaKCHMajibHoe k TaKoe, hto E^{Tr^) co^epjKHT iipoKOjioxyio OKpecraocTb U BepiuHHti 
d B T5. Torfla na {k + 1)-m mare b odnoM h3 pe6ep A C T5 saKpamHBaeTca: b GejibiH ii,BeT neKo- 
Topaa nocjieflOBaTejiBHOCTb ToneK a„, cxofl5m],aflCfl k d. Skohut (npn HeoSxoflHMOCTH nepexoflfl 
K noflnocjieflOBaTejiBHOCTH b h mbksisi HanpaBjienne och x), mbi MoaceM cHHTaTb, hto o^na h3 
npHMbix X = x{ai) HJiH y = y{ai) ne coj\e^yKwi jxpyvax. tohck hs E^(T^), xpoMe a^. HocKOJibKy 
OKpecTHOCTb (f/ — A) U d = T4 CBHSHa, OHa jiejKHT no oj\iiy CTopoHy OT Bcex 3THX npaMbix, T.e., 
B nojiynjiocKocTH R_|_ x R. Hpn 3tom E'^{T^ = 0, T.e. 

HeKomopuu Kpecm T4 C 6a3UCH0 ejioofcen e R4. x R mare, nmo d = (0, 0). 

Tenept anajiorHMHO flOKasbiBaeTca, hto 

HeKomopuu mpuod T3 C T4 6a3UCH0 eAootcen e R+ x R_|_ uau e x R maK, umo d — (0, 0) . 
Bropofi cjiynafi HeBOSMOJKen. Tenepb anajiornHHO ^^OKasbiBaeTca, hto 
HeKomopuu duod T2 C T3 6a3UCH0 eAOCHcen e jiyn R+ x man, nmo d = (0, 0). 
riojiyHHjiH npoTHBopenne. QED 

/loKa3ameAhcm60 6a3UCH0u Hee/iocHCUMOcmu Kpecma c pa3eem6JieHHUMU K0HV,aMU. Hpeflno- 

JIOJKHM, HTO C SaSHCHO BJIOJKeH B HJIOCKOCTB. AHajIOrHHHO flOKaSaTejIbCTBy GaSHCHOH HeBJIOJKH- 

MOCTH neHTo;];a nojiynaeM, hto ecAU Kpecm T4 6a3UCH0 eAootcen e nAOCKOcmh R^, mo odna U3 ezo 
eemeeu codepofcum npHMOAuneuHuu ompe30K c kohv,om e eepmune npecma, napajuieAhHuu odnou 
U3 Koopdunamnux oceu. 

Tenept 6a3HCHafl HeBjiojKHMOCTb rpa4)a C BbiTexaeT hs cjieflyiom;eH jieMMbi. QED 

JleMMa o cxjionbiBciHHH. Uycmh K — 6a3UCHoe nodMHOofcecmeo riAOCKOcmu. Onpede/iuM 
omo6pacnceHue 



(a) q\K-[a;b]xc UHnenmueHo; 
(b) q{K) C R^ 6a3ucuo. 

/lloKa3amejibcmeo. (a) llycTb, nanpoTHB, ^Be tohkh us K — [a; b] x c CKjienBaiOTCfl npn cxjio- 
nbiBaHHH q. Tor^a ohh jieacaT b nojioce [a; 6] x R h HMeiOT oflHHaKOByio opflnnaTy d. Tor^a sth 

TOHKH {Xi, d), {X2, d) BMeCTe C [Xi, c), {X2, c) HBJIHIOTCH BepmHHaMH npHMoyrojiBHHKa CO CTopoHa- 
MH, liapa,;i,;iCJIbHbIMH KOOp^HHaTHblM OCHM. 3tO MHOJKeCTBO He 6a3HCHO B R^. HpOTHBOpeHHe. 

(b) /],ocTaTOHHo /],OKa3aTb, HTo ecjiH q{K) co^epyKwr mojihhk) A = {ai, . . . , a„} ^jiHHbi n, to h 
K coflepjKHT MOJIHHK) fljiHHbi u. EcjiH q~^(A) — MOJiHHfl B K, TO HyjKHoe yTBcpacfleHHe flOKasano. 
Hnane naiiflyTCfl tohkh ai, Cj+i — Bepmnnbi BepTHKajibHoro SBena — Taxne, hto Px{ai) — Px{ai+i). 




X < a 
a < X < b 
X > b 
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Tor^a /],o5aBHM k q ^{A) tohkh {x{q ^{ai)),c) h {x{q -^(ai+i)),c) (sflecb nojiaraeM q ^{a,c) — 
(a,c)). HpoflejiaB TaKyio onepaii,Hio necKOJibKo pas, nojiyHHM mojihhk) b K fljiHHbi Sojitme n. 
QED 

BasHCHaa bjio^khmoctb b npoH3Be/],eHHe rpacJjOB. 

flcKapmoeuM npouseedenueM X x Y flByx MHoacecxB X r Y HasbiBaexca MHoacecxBo Bcex 
nap (a, b) xaKHx, hto a & X h b & Y . Onpe^ejieHHe 6a3HCHoro BjiojKeHHfl Moacex Sbitb OHeBH^HO 
o6o6ii],eHO Ha BjiojKeHHfl b npoHSBOJitHoe ^eKapTOBo npoHSBefleHne X xY. Ecjih X hY — rpa4)i>i, 
TO ML.I MOJKeM npe^^cTaBjiHTb ce6e npoH3Be;];eHHe X x Y xax ^^ByMepHbifl o6teKT (b neKOTopbix 
cjiynaax mojkho CHHTaTt, hto 3tot oSteKT paciiojiojKen b TpexMepnoM iipocTpancTBe). 05o3HaHHM 
Hepea T„ SBea^y c n jiynaMH. HaiipHJviep, ^jia xpnofla T3 npocxpaHcxBo T^xl sBjiaexca 'khh>kkoh 
c xpeMfl cxpaHHi];aMH', x I — i];HjiHHflpoM n x — xopoM. npoHSBefleHne T^x I naaoBeM 
KHUofCKOu c n cmpaHuv,aMU. 

3aMeHciHHe. JJjih Jin)6ux kohchhux gpacfioe X uY naudemcA KoneHHUu spa^, Komopuu nejib- 

3fi 6a3UCH0 eAOMCumb e npouseedenue X x Y . 

/leilcTBHTejiBHO, o6o3HaHHM Hepes k MaKCHMajibHyio cxeiieHB BepniHH rpacjDOB X a Y. J^o- 
KaaceM, Hxo SBesfla T^]^2^i ne BjiojKHMa GasncHo h nycoHHO-AUHeuHO b X xY . ripe^nojioacHM, 
npoxHBHoe. Majiaa OKpecxHOCXb i^enxpa v SBesflti b npoHSBeflenHH X xY cocxohx h3 ne Sojiee 
HCM k"^ npaMoyrojiBHHKOB I x J, sBjiaiomnxcH npoHSBeflenHflMH nacxeii pe6ep I n J rpacJjOB X 
H Y. Ho npHHii;Hny /InpHXjie cpe^H 4k'^ + 1 pe6ep sbcs^^bi nafi^^excH no Kpannen Mepe naxb, na- 
najia KOTopbix Bbixo^HT B o/j,HH iipHMoyrojibHHK. HoBTOMy cym,ecTByeT iio^SBes^a T5 C T4fc2_|_i, 
6a3HCHO Bjio>KeHHaa b o/],hh hs xaKHx iipHMoyrojibnnKOB. 3xo iipoTHBopeHHx KpHxepnio GasHcnon 
BJI02CHM0CXH rpa4)0B. QED 

TeopeMa yHHBepccUibHOCTH. [Ku03] JIk>6ou kohchhuu spa^ 6a3UCH0 bjiochcum e npouaee- 
denue X x I d/iA HeKomopoeo 6yKema X oKpycucHocmeu u ompesKoe. 

HucAO OKpyotcHocmeu e 6yKeme mochcho essimh paenuM E — V + C , sde E,V,C — KOAUuecmea 
eepmuH, pe6ep u KOMnoHenm censHocmu epa^a. B HacmHocmu, AwBoe depeeo 6a3UCH0 baochcumo 

6 KHUCHCKy C HeKOmopUM HUCAOM cmpaHuv,. 

PeayjiBxaxbi sxoro nynKxa npHBO/j,3xcfl 6e3 flOKaaaxejiBCXBa. 

Cjieflyion];aa rnnoxeaa naBeana xeopeMon PoGepxcona-CnMopa o BjioacHMOCxn rpa4)0B b no- 
BepxHOCxH [Sk05]. 

FHnoTesa. (a) Cymecmeyem Auiwb KoneHHoe hucao 'sanpemeuHux' nodspa^oe Oah 6a3UCH0u 

eAOMCUMOcmu kohchhoso epacfia e dannoe npouseedenue spacfjoe. 

(b) Cymecmeyem aAzopumu npoeepnu 6a3UCH0u eAocncuMocmu KoneHHOzo epacfja e dannoe 
npouseedenue epacfioe. 

KpHTepnii GasHCHoii bjioxchmocth rpa(})OB b KHH»CKy c n CTpciHHii,aMH. [KuOO] JJ^e- 
4)eKX0M spa^ K naaueaemcfi cyMMa 

S{K) = {degAi - 2) + • • • + {degAk - 2), 

2de Ai,...,Ak — 6ce eepmunu spafia K, au6o UMemvuue cmenenh 6oAhme uemupex, au6o cme- 
nenu 4, uMemvuue eucHuux pe6ep. KoHeunuu spa^ K 6a3UCH0 gaochcum e I x mosda u 
moAbKo mosda, Koeda on neAHemcH depeeoM u 

• Au6o S{K) < n, 

• Au6o S{K) — n u K codepcHcum eepmuny cmenenu 6oA'bme nemupex, UMetomyn) eucmee 
pe6po. 

Hs 3Toro peayjibxaxa Bbixexaex nojiojKHxejibnoe pemenne rnnoxesBi fljia npoHSBeflennfl I xT^. 
B [Ku03] flOKaaanbi xaioKe o6o6n];enHfl sxoro peayjibxaxa. 
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BASHCHOCTb njlOCKHX MH05KECTB 
PaspbiBHaa 6a3HCHOCTi>. 

0. HpeflCTaBbTe 4)yHKi];Hio / : [(— 1, — 1), (1, 1)] U [(0, 0), (1, — 1)] — )■ R, f{x,y) = xy b BH^e 

CyMML.1 g{x) + h{y) J^BJX cJ)yHKIJ,HH, KaJK^aa H3 KOTOptlX SaBHCHX TOJIBKO OT O^HOH KOOp^HHaXBI. 

1. (a) JXjis jiioGbix jiH HeTbipex hhccji /h, /12, /21, /22 cymecTByioT TaxHe nexbipe HHCJia gi, g2, hi, h2, 
HTo fij = gi + hj npH jiio6t.ix i,j = 1,2? 

(b) An^peli HHKOJiaeBHH h Bjia^HMHp HropeBHH nrpaioT b nrpy 'A ny-xa, pasjiojKH!'. Ha 
maxMaxHOH ^ocxe oTMeneHo necKojiBKo KjiexoK. A. H. paccxaBjiHex HHCJia b oxMeHeHHbix Kjiex- 
Kax, KaK xonex. B. 11. cMoxpnx na paccxaBjieHHbie nncjia h 6epex 16 hhccji ai, . . . ,as,bi, . . . ,bs, 
x.e. 'bccob' cxoji6ij,ob h cxpoK, KaK xonex. Ecjih hhcjio b KajK^oii oxMeieHHOH KjiexKe OKasajiocB 
paBHbiM cyMMe BecoB cxpoKH H cxoji6n;a sxoii KjiexKH, xo Btmrpaji B. H., a HHane (x.e. ecjiH hhcjio 
XOX3 6hi B o^HOH oxMeHeHHoii KjiexKe oKasajiocb ne paBHbiM cyMMe BecoB cxpoKH h cxoji6n;a bxoh 
KjiexKH) Bbmrpaji A. H. 

/],OKa>KHxe, Hxo npn npaBHjibHofl nrpe B. H. BbinrpbiBaex Torjia h xojibko Torfl^a, Korfl^a ne 
cymecxByex saMKHyxoro Mapmpyxa Ji&jxhn, HanajibHaH KjiexKa h kjicxkh noBopoxa Koxoporo sb- 
JI5IIOXC3 oxMeHeHHbiMH (hc oGasaxejiBHo Bce oxMenenHbie kjicxkh aa^eflcxBOBaHbi) . 

OnpedeAenue moahuu. OGosHaHHM nepea njiocKocxb c (|)HKCHpoBaHHOH cHcxeMoii Koop^H- 
Hax. 06o3HaHHM Hepea x{a) h y{a) KoopflHHaxbi xohkh a G R^. IIocjieflOBaxejibHocxt. (KoneHHaa 

HjiH GecKOHeHHaa) XOHGK njIOCKOCXH {cbi, . . . , O^, • • • } C R Ha3t>IBa6XC3 MOAHUeU, eCJIH flJI3 Ka>K- 

flpro i BBinojiHeHo 7^ Oj+i, h npn 3xom a;(ai) = x{ai+i) j^jisi HexHbix i h yiai) = y{ai+i) j^jis 
HenexHbix i. (He oGaaaxejibHo Bce xohkh mojihhh pasjiHHHbi.) 

KoHeHHaa mojihhh {ai, . . . , 02^+1} nasbiBaexcH saMKHymou, ecjiH ai = 02^+1 . 

2. PaccMoxpHM saMKHyxyio mojihhio {ai, . . . , a„ = ai}. HaaoBCM pasAootcenueM paccxanoBKy 

HHCejI B HpoeKn;HHX XOHCK 3X0H mojihhh Ha OCb Ox H B HpoeKH;HHX XOHCK 3XOH MOJIHHH Ha OCb 

Oy. MojKHo JIH xaK paccxaBHXb b xoHKax mojihhh nncjia /i, . . . , G R c /i = /„, hxoGbi ^jih 
jiio6oro pasjiojKeHHH neKoxopoe hhcjio ne 6l.ijio 6hi paBHO cyMMe fl,Bjx hhccji, cxohii];hx b x(aj) 
H B y{ai)7 

HoflMHOJKecxBO K C R^ hjiockocxh HasbiBaexcH paspueno 6a3UCHUM, ecjiH jiJis jiioGoh 4)yHK- 
H,HH f : K H cyni;ecxByiox xaKHe 4)yHKii,HH g,h : H ^ H, hxo f{x,y) = g{x) + hiy) ^jih 

KaJKflOH XOHKH (x,?/) G K. 

3. (a) OxpesoK = x [0; 1] C R^ HBjiJiexcji paapt-iBHo GasncHbiM. 

(b) Kpecx ii" = X [— 1; 1] U [— 1; 1] x C R^ HBjiaexcH paspbiBHO 6a3HCHL.iM. 

(c) Kpumepuu paspuenou 6a3ucHocmu. HoflMHoacecxBo hjiockocxh paspbiBHo 6a3HCHo xor^a 
H xojiBKO xor^a, Kor^a oho hc co^epjKHX saMKHyxtix mojihhh. 

4. ** An^peH HnKOJiaeBHH h Bjiafl^nwap HropeBHH nrpaiox b 3D-Hrpy 'A ny-Ka, pasjiojKn!'. 
B Ky6e n x n x n, pasGnxoM na e^HHHHHbix KyGnKOB, oxMcneno hcckojibko KyGnKOB. A. H. 
paccxaBjiHex nncjia b oxMenenHbix KyGnKax, KaK xonex. B. H. cMoxpnx na paccxaBjiennbie nncjia 

H 6epeX 3n HHCCJI Oi, . . . , an, 61, . . . , fen, Cl, . . . , C„ — 'bCCOb' KOJIOHOK, HpO^OJIbHblX cxpoK H HOHe- 

peHHBix cxpoK (x.e. pa^OB, HapajiJiejitHtix och z, och x h och y) — KaK xonex. Ecjih hhcjio b 
KajK^oM oxMCHCHHOM KyGHKc k) (HocxaBjicHHoc A. H.) oKasajiocb paBHBiM cyMMe ai + bj + Ck 
xpex BecoB kojiohkh, npo^ojiBHOH cxpoKH H HOHepeHHoii cxpoKH 3xoro KyGHKa, xo BbiHrpaji B. 
H., a HHane (x.e. ecjiH hhcjio xoxh 6l.i b o^hom oxMencHHOM Ky6HKe oKasajiocb ne paBHtiM cyMMe 
xpex bccob) Bbmrpaji A. H. 

KaK HO Ha6opy oxMenenHbix KyGnKOB yanaxb, kxo BbinrpbiBaex? 

(5IcHO, Hxo aAsopuruM pacHosnaBaHHH BbiHrpbiniHocxH ;];aHHoro Ha6opa oxMenenHbix KyGnKOB 
cymecxByex. >KejiaxejibHo nafixH npocxoH KpHxepntt xnna xoro, Koxopbifl HMeexcH j^jis hjiockofo 
anajiora 3xoh nrpbi. HnxepecHbi jxayKe oxbcxbi jiJis ManentKHX n.) 

^nepsbiii H ocTajibHbie nyHKTBi STOii ^ircth nesaBHCHMBi flpyr ot flpyra. 
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5. ** (a) Onpe^ejiHTe paapbiBHyio 6a3HCHocTt> noflMHoacecTB TpexMepnoro npocTpancTBa. Ccj^op- 
MyjiHpyHTe h flOKaacHTe npocTpaHCTBeHHbiii anajior npHBefleHHoro KpHrepna. 

(b) To JKe fljifl MHoroMepHoro cjiynafl. 

PemeHHa sa^an. 

1. (a) 3to HeBepHO. Ecjih fij = Qi + hj ^jih i,j = 1, 2, to /h + /22 = /12 + f2i, ho 9to cooTHomeHne 
He HMeeT MecTa j^jia neKOTopbix Ha6opoB HHceji fij. 

(b) "TojibKo Tor/i,a"cjie/i,yeT h3 saflann 2. ^oKa>KeM yTBepjKfleHHe "Tor/i,a"HHflyKLi,HeH no KOJinnecTBy 
OTMeneHHbix kjibtok. Ecjih OTMenena tojibko opfia KjieTKa, yTBepjKfleHne sa^anH TpHBHajiBHO. 06o3HaHHM 
nepes K MHOxcecTBO i^enTpoB oTMenenHbix kjibtok. MnojKecTBO E{K) OHpe^ejieno b cjie/],yioiii,eM nynKTc 
nocjie sa^aHH 9. Ho ycjioBHio, K ne coflepjKHT saMKRVTbix mojihhh, cjicflOBaTejibHO ^E{K) < i^K. 
SnaHHT, no Hn/i;yKTHBnoMy npeflnojiojKenHio B.H. MOJKeT BbinrpaTb na MnojKecTBe E{K). Bee oeTaBuineca 

KJieTKH HBJIHIOTCH eflHHCTBeHHblMH OTMeHeHHblMH B CBOefi CTpOKB HJIH B CBOBM CTOJl6n,e. CjieflOBaTejIbHO, 

B.H. CMOxceT Bbi6paTb h ocTaBniHecH Beca fljis K. 

2. ^a. Ecjih KajK^oe h3 nnceji fi npe/];cTaBHM0 b bh^b cyMMbi flByx hhccji, pacnojio^enHbix b TOHKax 

x{ai) H y{ai), to /i — /2 + /a — fn-i = 0, ho moxcho jierKO noflo6paTb Ha6op hhcbji fi, ^jih KOToporo 

3TO HeBepno. 

3. (a) HojiojKHM h{y) = /(0,y) h g[x) = 0. 

(b) HojioJKHM g{x) = /(x,0) H h{y) = /(0,y) - /(0,0). 

(c) "TojibKO Tor;];a"ejie/]yeT h3 sap^ann 2. ^oKajKeM yTBep^Kflenne "Tor/];a". PaecMoxpHM npoHSBOJib- 
nyio 4)yHKu;Hio / : ^ R n noeTpoHM no neit 4)ynKn,HH g n h TaKne, nxo f{x, y) = g{x) + h{y). Ha30BH,M 
fl^Be TOHKH a,b £ K aKeueaAenrnHMMU, ecjin cymecTByex MOJinna {a = ai, . . . ,a„ = b} C K. Bo3bMH;M 
OflHH H3 KjiaccoB 9KBHBajieHTH0CTH Ki C -fC H onpeflejiHM 4)yHKn;HH g : x{Ki) — >■ R h : y{K{) — )■ R 
cjie^yromnM o6pa30M. SacJjHKcnpyeM npoHSBOJibHyio TOHKy a\ G K\. Hojioschm g{x{a\)) = /(ai) h 
h{y{ai)) = 0. Ecjih {ai, 02, . . . , a2i} — mojihhh hs tohck MHOxcecTBa K, to hojiomchm 

h{y{a2i)) ■- f{a2i) - f{a2i-i) H f{ai) h g{x{a2i)) := f{a2i-i) - f{a2i-2) H h fifli). 

Ecjih {ai, 02, . . . , 02^+1} — mojihhh h3 tohck MnojKecTBa K, to hojiojkhm 

g{x{a2i+i)) = /(aa+i) - /(a^) -\ h /(ai) 

(sHaneHHe ^(y (02^+1 )) y^KB onpe^ejieHo) . C^ejiaeM 9to nocxpoeHHe ^jih Bcex KjiaccoB SKBHBajienTHOCTH 
OflHOBpeMenno. Jlfl^i Bcex xce npoHHx tohck hojioxchm g{x) = h h{y) = 0. 

HenpepMBHaa 6a3HCHocTfc. 

IToflMHOxcecTBO K C HasBiBaeTca (nenpepueHo) 6a3ucuuM, ecjm /j^jm jnoSoii HenpeptiBHOH 
4)yHKi];HH / : X — > R cymecTByiOT TaKne HenpepbiBHbie 4)yHKii;HH g,h : R — > R, hto f{x,y) — 
g{x) + fljiH KajKflOH tohkh {x, y) e iC. (OnpeflejieHne HenpeptiBHoii 4)yHKi];HH HanoMHeno b 

Hanajie nacxH 1.) Cjiobo 'nenpepbiBHo' flajiee onycKaexca. 

IIpoSjieMa ApHOJii>/],a. Kanue nodMHocncecmea uAocKocmu fieAfimmcfi 6a3UCHUMU? 
HtoSm iio/],ohth k OTBCTy, paccMOTpHM HecKOJiBKO npHMepoB. 

6. (a) SaMKHyTaa; mojihhh ne 6a3HCHa. 

(b) OxpesoK i^T = X [0; 1] C R^ flBjiaexcH 6a3HCHMM. 

(c) Kpecx K — X [— 1; 1] U [— 1; 1] x C R^ flBjiaexcfl 6a3HCHbiM. 

7. (a) Ecjih noflMHOJKecxBO hjiockocxh SaancHO, xo oho pasptiBHO Gaancno. (OnpeflejieHne h 
KpHxepHH paaptiBHOH SasHCHOCXH CM. B HpeflBiflymeM HyHKxe.) 

(b) IJonoAHeHHOu moahucu nasbiBaexcH o6te;];HHeHHe xohkh G R^ c 6ecKOHeHHOH MOjinneii 
{ai, . . . , a„, . . . } C R^ H3 pasjiHHHBix xoneK, cxodnineucH k tohkc (t-g. ^jih jHo5oro e > 
Hafl^excH xaKoe naxypajibHoe iV, hxo ^jih jiioGoro i > N BbiiiojiHeHo |ai, ao| < e). /],oKa>KHxe, hxo 
HHKaKaa HOHOJiHeHHaa mojihhh ne flBjiaexcH SasHCHoii. (SaMexHM, hxo ona flBjiaexcH paapbiBHO 

6a3HCHOH) . 
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(c) Hepes [a, b] o5o3HaHHM OTpeaoK, coeflHHHiomHii tohkh ant. flpKayKUTe, hto KpecT 
[(— 1, —2), (1, 2)] U [(—1, 1), (1, —1)] He aBjiaeTCfl 6a3HCHbiM. 

(d) riycTb rriij — 2 — 3-2~*+_7 -2"^'. PaccMOTpHM MHOJKecTBO, cocTOflii],ee h3 tohck {mi^2h "^j,2i) 
H ToneK (mj^2i, 'mi,2i-'2)-i rfle i — 1,2, . . . h Z = 1, 2, 3, . . . , ^OKaacHTe, hto sto noflMHoacecTBO 

njIOCKOCTH He COJiepjKHT 6eCKOHeHHOH MOJIHHH, HO CO;];ep>KHT CKOJIb JTOJXRO JlJimmhie MOJIHHH. 

(e) 05'bc/j,HHeHHe MHOJKecTBa h3 iipe/j,biflyiii,ei^o iiyHKTa c tohkoh (2, 2) ne 5a3HCHO. 

IIocjieflOBaTejiBHocTb xoneK iijiockocth HasbiBaexca cxodnvneucH k moHKe a, ecjin ^jih jiio- 
6oro £ > HaftfleTca Taxoe n;ejioe N, hto fljia jiioSoro i > N BbinojiHeHO \a,ai\ < e. 

rioflMHOJKecTBO K C njiocKOCTH HasbiBaeTCfl aoMKHymuM, ecjiH fljia jiioSoh SecKOHeHHoii 
nocjieflOBaTejiBHOCTH ToneK Ui & K, cxoflflmeiicfl k TOHxe a, BbinojiHeHO a & K. 

8. HoflMHoafecTBO K C hjiockocth sBjiseTcs saMKHyTbiM Tor^a h tojibko Tor^a, Kor^a fljia 
jHoGoii TOHKH a ^ K naii^^eTCfl Taxoe £ > 0, hto jiio6aa TOHxa hjiockocth c paccTOflnneM Menee e 

flo a He iipHHa^jiejKHT K. 

KpHTepHH 6a3HCHOCTH. SaMKHymoc odpanuHeHHoe nodMHOcncecmeo nAOCKOcmu 6a3UCH0 
mosda u moji'bKO mosda, Kosda oho ne codepofcum ckom ysodno Ojiuhhux mojihuu [St89]. 

ITpHBefleM 3fleci> saMeHanHfl h HepecJjopMyjiHpoBKy (ncHOJiBsyeMyio b flOKaaaTejitCTBe) . CaMO 
flOKaaaTejibCTBO npHBOflHTCfl b cjieflyiOH],eM nynKTe. 

9. (a) YCJIOBHC SaMKHyTOCTH B KpHTepHH flCHCTBHTejIbHO HCoSxOflHMO (t.C. CCJIH B 4)0pMyjIH- 

poBKe TeopeMbi onycTHTb 3to ycjioBHe, to nojiyHHTCH neBepnoe yTBepac^^cHHe). 

(b) YcjiOBHe orpaHHHeHHOCTH b KpHxepHH ^eiicTBHTejibHO neoSxo^HMO (x.e. ecjiH b 4)opMyjiH- 

POBKC TeOpCMbl OIiyCTHTb 3TO yCJIOBHe, TO HOJiyHHTCH HCBepHOe yTBep>K/j,eHHe). 

(c) ** HaiiflHTe KpHTepHH SaancHOCTH ^jia aaMKHyTbix (ho HeorpanHHenHbix) HOflMHoacecTB 

HJIOCKOCTH. 

riyCTb K — HOflMHOJKeCTBO HJIOCKOCTH R^. fl^JlS KaSCflOH TOHKH V E K HapHCyCM flBC HpjI- 

Mbie, npoxo;];Hio;He nepes v napajijiejibHO Koop^^HHaTHbiM ochm. Ecjih xotji 6bi oj^na h3 3thx pfiyx 
npjiMbix iiepeceKaeT K TOjibKO b tohkc v, to iioKpacHM v b GeiibiH ii;BeT. OGoanaHHM nepea E[K) 
MHOJKecTBo Bcex TOHCK K, He a:Bji3ioiu;HxcH 6ejibiMH: 

E{K) ^{veK: \Kr\{x^x{v))\ > 2 h \K r\ {y ^ y{v))\ > 2). 

HanpHMep, pHC. 6b HOJEynaeTca h3 pnc. 6a OHepaii,HeH E. HycTb E'^[K) = E{E{K)), E^[K) — 
E{E{E{K))) H T.fl. 

10. rioflMHoacecTBO K C R^ ne coflepjKHT ckojib yroflHO fljiHHHBix mojihhh Tor^a h tojibko 
Torfla, Kor^a E'^{K) — j^ia ncKOToporo n. 

12. (a)* ^OKajKHTe sjieMeHTapno (t.c. 6e3 Hcnojib30BaHHH OHHcaHHH npocTpancTBa C*{K) b 
TepMHHax Mep, cm. cjie;];yioin;HH nyHKT), hto ccjih K C R^ saMKHyTO h orpaHHHeno, npHHCM 
E{K) = 0, TO is: 6a3HCHo [Mi09]. 

YKasaHHe. HojiyHHTe cnanajra pasjioJKeHHe f{x,y) = g{x) + h{y) ^jih KycoHHO-JiuneuHux 
(|)yHKi];HH /, HpHHCM \g\ + \h\ < 5|/|. 

(b)** /^oKajKHTe 3j[eMeHTapHo nacTb 'Tor^a' KpHTepns GasHCHOCTH. 

YKasaHHe. To jkc, \g\ + \h\ < C„|/|, r^e C„ saBHCHT tojibko ot toto n, fljra KOToporo E'^{K) — 

0. 

11. Ba3HCHocTb HOflMHOJKecTB TpexMcpHOTo HpocTpaHCTBa OHpcflCJieHa Bbime Hepefl jreMMoit 
ApHOJibfla o flepcBbflx. 

(a) ^OKajKHTC, HTO ejK X X [—1; 1] UO x [—1; 1] x OU [— 1; 1] x x C R^ HBjiaeTCH 6a3HCHbiM. 

(b) Ilo^^MHOJKecTBo HpocTpaHCTBa R"'. cocTOHmee H3 HCTbipex TOHCK (0, 0, 0); (1, 1, 0); (0, 1, 1); 
(1, 0, 1), 6a3HCHo. (Ho E"-{K) ^ fljia jiioGoro n, cm. HHJKe.) 
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(c) * JX^^ K C aHajiorHHHo onpeflejiHM E{K), Hcnojibsya BMecTo npsMbix njiocKocxH, 
nepneHflHKyjiHpHbie ocsm Koop^^HHax: 

E{K) -.^{veK : \Kn{x^ x{v))\ > 2, \K n {y ^ y{v)) >2\-K\Kn{z^ z{v))\ > 2}. 

PpKayKUTe, hto ecjiH K aaMKHyTo, orpaHHHeHO h E^[K) = fljia neKOToporo n, to K 6a3HCHO 
[St89, Lemma 23.ii]. 

(d) * HHKaKoe noflMHOJKecTBO npocTpancTBa (hjih ^aace R*^), roMeoMop(J)Hoe flByMepnoMy 
jlRCKj, He aBjiaexca 6a3HCHi.iM. YKasaHHe: onpeflejieHne MHoroMepHoii mojihhh cm. b [St89, 6.12, 
p.39]. 

PemeHHa sa^an. 

6. (a) EcjiH 6fai MOJIHHH A = {oi, . . . , 02;+! = oi} 6faijia 6a3HCHOH, to /(oi) — 7(02) + • • • + f (0,21-1) — 
f{0'2i) = 0, HO jierKO HOflo6paTb 4)yHKH,Hio /, fljis KOTopoH 3T0 He BbinojiHeno. CpasHHTe c saflanen 2. 

(b),(c) AnajiorKHHO sa^anaM 3a, 3b. 

7. (a) EcjIH MHOJKeCTBO He HBJiaeTCH paspblBHO 6a3HCHbIM, TO no KpHTCpniO paspblBHOH 6a3HCHOCTH 

H3 npe/i;bi/]yH];ero nyHKTa oho coflepjKHT saMKnyTyio mojihhio. Tor^a yTBepjK/i,eHHe saflann cjie/i,yeT hs 6a, 
TaK KaK 4)yHKH;Ha / MoaceT 6biTb npo/i;ojixceHa c saMKHyToii mojihhh na bch, MHOxcecTBO. 

(b) PaccMOTpHM 4)yHKii,Hio /, fljiH KOTopoH /(ttj) = ^ . HpeflHOJioxcHM, HTO f{x,y) = g{x) + h{y) 
fljiH HeKOTopbix HenpepbiBHbix g VL h, Tor^a 

/(ai) - /(aa) + /(as) - 7(04) H f{a2i) = h{y{ai)) - h{y{a2i)). 

TaK KaK limj^oo h{y2i) cymecTByeT h pasen h(y{ao)), to pa^ IjVlc^i) cxoflHTca npn I — 00. Ho 

3T0 npOTHBOpeHHT paCXOflHMOCTH rapMOHHHecKoro pHfla. 

(c) KpecT coflepacHT saMKnyTyio mojihhio 

a4fe+i - (,^, -^), a4k+2 - Kjr^^ J> a4fe+3 - l2T4ifc ' 2^''' "4'=+^ ~ ^'ife+T' 2^^^ 

OnpeflejiHM 4)yHKi];Hio / na stoh mojihhh, HCHOJibsys 3a/i,aHy 7(b), h npoflOjrxcHM e^ KycoHHO-jiHHeHHO 

Ha Becb KpccT. He cymccTByeT TaKHx 4)yHKu,HH g n f, hto /(x, y) = g{x) + h{y). 

(d) /I,.J1H JIIoGorO Z TOHKH {mi^2l-,fni.2l)f=l H (™'i.2h'>T^i,2l-2)lLl o6pa3yiOT MOJIHHIO H3 2* SJieMeHTOB. 

(e) OnpeflejiHM 4)yHKii,Hio /(x, y) cooTHomeHHHMH 

f{{mi,2hmi,2i)) ■■= ^ H f{{mi^2i,mi,2i-2)) ■= 

Hpe/inojiojKHM, hto f{x, y) = g{x) + h{y) ^jih neKOTopbix HenpepbiBHbix g{x) n h{y). Tenepb fljia KajK^oro 
i, Hcnojib3ya mojihhh (1711^21, mi,2i) h (mi,2Z, ^,21-2), r^e / = 1, 2, 3, . . . 2*"^ nojiynaeM h{2-^)-h{2-^) = 
1. 3to npoTHBopeHHT nenpepbiBHOCTH /i b tohkc y = 2. 

8. /]|oKa»ceM yTBepxcflenne "tojibko Torfla". ITycTb K — saMKnyToe no^MHOxcecTBO hjiockocth. Hpefl- 

nojioJKHM, HTO fljiH HeKOTopoH TOHKH a = (x, y) ^ K n fl^jiR HpoHBBOjibHoro £ = - > cymecTByeT XOTa 
6bi o/i,na TOHKa Un & K, pjisi KOTopoit |a, a„| < ^. Ho Tor^a nocjie/i;oBaTejibHocTb ToneK Un & K cxo/i,HTca 
K TOHKe a, nosTOMy a E K. HpoTHBopenne. 

Tenepb flOKaxceM yTBepacflenHe "Torfla". IlycTb neKOTopaa nocjieflOBaTejibHOCTb a„ cxo/i;htc5i k TOHKe 

a, nc jiejKamcH b MHOJKCCTBe K. Ho ycjioBHio cymecTBycT e > TaKoe, hto fljia jho6oh tohkh an E K 
paccTOHHHC |a,a„| > e. Ho 3to npoTHBopcHHT cxoahmocth nocjieflOBaTejibnocTH. 

9. (a) JIio6aH GecKoneHnaa MOJinna A, ne coflep>Kain,aH saMKnyTbix mojihhh h cxo/i,am;aaca k TOHKe 
a ^ A, anjiaeTCH SasHcnoH. 3to cjie^yeT h3 Toro, hto jiioGaa 4)ynKn,Ha, onpe^ejiH;HHaa na A^ nenpepbiBna. 

(b) KoHTpnpHMepoM HBjiaeTca MHOxcecTBO {{k, A;)}^^ U {(/c. A; — l)}^i ToneK hjiockocth. 

10. floKaxceM nacTb 'TOJibKo ioTj\Sk . HpeflnojioxcHM, hto E'^{K) ^ fljia Bcex n. J\jm KajK/i,oro 
n paccMOTpHM TonKy oq G E'"'{K). Bbi6epeM tohkh a_i,ai G E'^~^{K) TaKHe, hto .x(a_i) = a;(ao) n 
y{ai) = y{ao). Tenepb mojkho Bbi6paTb tohkh a_2,a2 € E'^~'^{K), fljia KOTopbix {a_2, a_i, ao, ai, 02} — 
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MOJIHHH. AHajIOrHHHO MOJKHO CKOHCTpyHpOBaTb MOJIHHK) H3 2n + l TOHCK, JieJKaiUyiO LI,ejIHKOM B MHOJKeCTBe 

K. Hto h Tpe6oBajiocb flOKasaTt. 

^OKaaceM HacTb 'Tor^a'. HycTt MHoacecTBO K coflepacHT mojihhio h3 2n+l tohkh {a_„, . . . , oq, ■ ■ ■ , cin}- 

Torfla B MHOJKecTBe E{K) coflepjKHTCH mojikhs h3 2n— 1 tohkh {a-n+i; • • • > Qn-i}- HpoflojiJKaH, nojiyHHM, 
HTO Oo € E'^{K). CjieflOBaTCjibHO, ccnii E^{K) = 0, to X hc co/],epjKHT mojihhh h3 2n + 1 ToneK. 

11. (a) Aji^i npoH3BOJibHOH 4)yHKLi,HH / : K — >■ R Ha e>Ke i^T onpe/i,ejiHM g{x) := /(x, 0, 0), := 
/(O, y, 0) - /(0, 0, 0) H K^;) := /(0, 0, - /(0, 0, 0). 
(b) nojiojKHM 5(0) = /(0,0,0), /i(0) = 0, Z(0) = 0, 

23(1) = /(0, 0, 0) + /(1, 1, 0) + /(1, 0, 1) - /(0, 1, 1), 

2h{l) = -/(O, 0, 0) + /(1, 1, 0) - /(I, 0, 1) + /(0, 1, 1)) H 
2^(1) = -/(0, 0, 0) - /(1, 1, 0) + /(1, 0, 1) + /(0, 1, 1). 

^oKasaTejibCTBo KpHTepna 6a3HCHocTH. 

nycTb K — npoHSBOJibHoe aaMKHyToe orpaHnneHHoe noflMHOJKecTBO hjiockocth. HasecTHO, hto 
Torfla jiio6aa nenpepbiBHaa ^ysKo^si f : K ^ Ti orpanHHcna. OyHKn;Ha / : X — )■ R nasMBaeTca 
ospaHuneHHOu, ecjiH nafi^^eTca hhcjio M xaKoe, hto \f{x)\ < M p^jisi jiio6oh tohkh x & K. JJ^jis 
orpaHHHeHHoii 4)yHKLi,HH G : K ^ H. iiojiokhm IGI := sup^.^^ \G{x)\. 

HanaAO doKasamejihcmea nacmu 'moAbKO mozda' Kpumepua, dasucHocmu. IIpeflnojiojKHM, na- 

npOTHB, HTO K COflepJKHT CKOJIb yrOflHO flJIHHHbie MOJIHHH H 6a3HCHO. Bbl6Hpaa HOflHOCJieflOBa- 
TejIbHOCTH, MOJKHO flo6HTbCfl TOrO, HToSbl B KaJKflOH MOJIHHH TOHKH HOHapHO paSJIHHHbl. HoSTOMy 

6yj\eM cHHTaxb, hto sto BbiHOJiHeHO. Torfla ^jih jiioSoro n> A cyn];ecTByeT mojehha {a", . . . , 0271+5} 
H3 (2n + 5)-H pasjiHHHbix ToneK MHoacecTBa K. 
Cym,ecTByeT nenpepbiBHaa 4)yHKn;H3 

/„ : X — >■ R Taxaa, hto fni^i) — (—1)' h \fn{x)\ < 1 fljra jrioSoro x E K. 

(fleiiCTBHTejibHO, HOCTpoHM CHaHajia HenpepbiBHyio 4)yHKi];Hio / : R^ — > R, yflOBj[eTBop5iiOHi,yio 
3THM ycj[0BH5iM. 06o3HaHHM s — minj<j la,, aj|. PaccMOTpHM n ^hckob c i];eHTpaMH b TOHKax h 

pa;];HycaMH |. Bne sthx ;];hckob nojiojKHM / = 0. BnyTpn i-ro p^ncKa cp^ejiaeM f jiHHefiHOH 4)yHK- 
ii,HeH OT pa^nyca, paBHoii (—1)* b Li,eHTpe a.j 11 Hyjiio Ha rpaHHLi,e. Teiiept orpaHHHHM HOCTpoeHHyio 
4)yHKi],Hio Ha C R^ H HOJiyiHM xpeGyeMyio HenpepbiBHyio 4)ynKu,Hio — )■ R.) 

OnpeflejiHM no HHflyKH;HH nocjreflOBaTejrbnocTb HHcejr s„ h 4)yHKH;HH F„ : X — > R. Ilojro- 
acHM sq — 1 n Fq = 0. ripeflnojrojKHM, hto h -F„_i yace onpe^^ejrenbi. Bo3bMeM 4)yHKH;HH 

Gn-l, Hn-l : R — )■ R, ;];JIH KOTOpblX Fn-l{x,y) — Gn-l{x) + Hn-l{y) (eCJ[H TaKHX 4)yHKH;HH HOT, 

TO Bce flOKasano). BepeM 

s„ > ■ (IG^-il +n) H F„ = F„_i + ^ 

^OCTaTOHHO flOKaaaTb, HTO 4)yHKH,H5I 

00 „ 

He npe;];cTaBHMa b Buj^e G{x) + H{y). 

IIpeflnojiojKHM, HTO, naiipoTHB F[x, y) = G{x) + H{y) fl^jm neKOTopbix G a H. J^jm iiojiyHennH 
npoTHBopenna flocTaxonno ^OKasaTb, hto \G\ > n fljia Kaac^oro n. A fljia sxoro flocTaxonno 
noKaaaxb, hxo Sn-i\\G — Gn-i\ > s„: xor^a 6yflex 

IGI + IG^.il > IG - G'„_i| > ^ > |G'„_i| + n. 
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JleMMa. Uycmij m > A, 

• K = {ai, . . . , a2m+5} ^ MOAHUfi U3 2m + 5 pasAUHHUx moHen na nAOCKOcmu, 

• /(ai), . . . , /(a2m+5) — HUCAa, Bar Komopux |(— 1)* — /(aj)| <l/m u 

• g{x{ai)), h{y{ai)), i = 1, . . . , 2m + 5, — maKue HUCAa, nmo f{ai) = g{x{ai)) + h{y{ai)) Oasi 
A'K)6oso i (npu smoM ecAU x(aj) = x{aj), mo g{x{ai)) = g{x{aj)), u anaAosuHHO Bar y uh). 

Tosda maxj \g{x{ai))\ > m. 

/foKasameAhcmeo. Mojkho cHHxaTb, hto npsuas aia2 napajijiejibna och Ox (ecjin sto ne xax, 
TO yBejiHHHM Bce HH^eKCbi Ha 1 B nocjie^yiomHx (|)opMyjiax) . HMeeM 

Orn -I- 4 

|(/(ai) - /(a2) + /(as) - f{a,) + ■■■- fia^m+A)) - (2m + 4)| < — < 3. 

m 

3to osHanaex, hto \g{x{ai)) — g{x{a2m+'i))\ > (2m + 4) — 3 > 2m. OTcio^a cjie^yex xpeGyeMoe 
HepaBCHCTBo. QED 

OnoHuaHue doKasameAhcmea nacmu 'moAbKO mosda' KpumepuH Henpepuenou 6a3UCH0cmu. 
HMeeM: 

17 17 17 17 •^•''i _ '^»^-l•(-^ ~ Fn-l) ~ fs„ 
-T — Pn — r — fn-l j- — j • 

IIpHMeHHM JieMMy K 

m = Sn, ai = a-", / = s„_i!(F - 51 = s„_i!(G - /i = s„_i!(iJ - 

3to B03M0JKH0, xaK KaK f{x, y) = g{x) + h{y) h (xax xax — 1 > npn n > 2) 

1 ^ 1 1^11 

Ho JieMMe nOJiyHHM Sn-l^G — Gn-ll > Sn- QED 

floKaaameAhcmeo Kpumepun 6a3ucHocmu [St89, §2, JleMMa 23.ii].|fl Oho ocnoBano na nepe(|)op- 
MyjiHpoBKe cBoiicxBa 6a3HCHocxH b xepMHHax oepanuHeHHux auhcuhux onepamopoe b Banaxoeux 
npocmpaHcmeax (pyHKii,uu. OGosnaHHM nepes C (X) ripocxpancxBO HenpepbiBHbix 4)yHKn;HH na X 
c HopMOH I/I = sup{|/(x)| : X G X}. B 3xom ^OKasaxejTBCXBe o6o3HaHHM nepes pr^la) h pry{a) 
npoeKi];HH xohkh a G -R' na och Koop;];HHax. 

JXjiii no^MHOJKecxBa K <Z P onpe;i,ejiHM oxo6pa>KeHHe {auhcuhuu onepamop cynepnosuuuu) 

(j):C{I)®C{I) ^C{K) 4)opMyjioH (j){g,h){x,y) = g{x) + h{y). 

HopMa Ha HpocxpancxBe C{I)®C{I) bbo^hxch ecxecxBennbiM cnoco6oM. 5Icho, hxo no^MHOJKecxBO 
K (Z P GasHCHo xor^a h xojibko xor^a, Kor^a snHMopcjDHo. 

06o3HaHHM Hepes C*{X) npocxpancxBO orpanHHeHHtix jiHHeflHbix 4)yHKLi;HH C{X) — )■ R c 
HopMOH |yu| = sup{|yu(/)| : / G C{X), I/I = 1}. JJ^jis no;];MHO>KecxBa K d P onpe;];ejiHM 
oxoGpaJKCHHe [deoucmeeHHUu auhcuhuu onepamop cynepnosuuuu) 

(j)*:C*{K)^C*{I)(BC*{I) KaK <f)* fi{g,h) = {fi{g o pr,), ^^{h o pvy)). 

HopMa Ha npocxpancxBe C*{I) ©C*(/) bbo;];hxc3 ecxecxBeHHbiM cnocoGoM. TaK KaK |0*yu| < 2|yu|, 
xo (j)* orpaHHHeH. Ho ;i,BOHCXBeHHOcxH, snHMopcJien xor;];a h xojibko xor;i,a, Kor;i,a 0* MOHOMop- 
4)eH. 1^ 



®3to ^OKaaaTCjiBCTBO nesjieMeHTapHO, cjaopMajibHO ne HcnojibsyeTca b flajibHeftmeM h MOJKeT 6biTb onymeno 
HHTaTejieM. 0/i,HaKO mbi npHBOfliiM ero, nocKOjibKy naine HSjiojKeHHC Kopone h Hcnee ^aHHoro b [St89]. 

^IIpH 3TOM (f)* MO>KeT 6bITb HHteKTHBHIjIM, HO HC MOHOMOpcJjHBIM. ^pyPHMH CJIOBaMH, HC TOJIBKO JIHHeilHbie 

cooTHomeHHH Ha im cj) sacTasjiaiOT ero 6biTb CTporo Mentnie nem C (K) , Kax noKaatiBaeT npHMep He6a3HCHOH 

nOnOJIHCHHOH MOJIHHH. 

SaMeTHM, HTO ecjiH K C - 6a3HCHoe no^MHOJKecTBO, to mbi mojkcm flOKasaxb 6e3 HcnojibsOBanHa 0, hto (j)* 
MOHOMopcJjHO. Onpe^ejiHM jTHHenHbiii onepaTop : C*{I) ®C*{I) C*{K) 4)opMyjiofl; '^{fixT tJ'y)if) = fJ-xig) + 
IJLy(h), r^e g,h ^ TaKOBti, hto ^(O) = h f{x,y) = g{x) + h{y) fljia (x,y) € K. Hcho, hto ^(jf = id h \E' 

orpaHHHeHO, cjieflosaTejibHO 0* mohomop4)ho. 
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IlOHHTHO, HTO 0* MOHOMOpcjDeH TOFfla H TOJIbKO TOFfla, KOFfla 

(*) cymecmeyem e > maKoe, nmo > £:|/x| Kaofcdoso Henyjieeoso fj, e C*(i^r). 

HtoSm paSoTaTb c ycjiOBHeM (*), Hcnojii>3yeM cjieflyioii],HH HeTpHBHajibHbiH 4)aKT: C*{K) coe- 
nadaem c npocmpaHcmeoM a-addumuenux peeyjiMpnux eemecmeeHHOSHaHHUx 6opejie6CKUx Mep 
Ha K (;i;ajiee mm Sy^eM HasbiBaTb hx npocTO 'iviepaMH'; HcnojibsyeTCfl Taicace TepMHH 'aapflflti'). 
HneeM 

(l)*li= {fi.^,fiy), Tjie fx^{U) = ix{pr~^U) h Hy{U) = ii{pr~^U). 

EcjiH fi = fi^ — ecTh pasjiojKeHHe Mepbi /j, na iiojiojKHTejibHbie h oTpHii,aTejit>Hbie nacxH, to 
1/^1 = fi{X), rfle Ji = + ^~ ecTB a6cojiK)THoe SHaHenne Mepbi /x. 

^OKaaaTejibCTBO Toro, hto ycjiOBne (*) Bjienex OTcyTCTBne ckojib yro^HO fljiHHHbix mojihhh, 
ocTaBjiaeM b KanecTBe ynpaacneHHa. (3to flOKaatiBaeT nacTt 'tojibko Tor^a', fljia KOTopofi y nac 
yjKe ecTb sjieMCHTapHoe ztoKasaxejibCTBO.) 

OcTaH;TCH /j,OKa3aT£>, hto ycjioBHe (*) cjie/j,yeT hs E^[K) = 0. (9to flOKaatiBaex nacTb 'Tor^a'.) 
HpHBefleM flOKasaTejiBCTBO fljia n G {1, 2} (fljia npoHSBOJitHoro n oho aHajiornHHo) . 

06o3HaHHM Hepe3 (h D^) MHOJKecTBO Tex ToneK h3 K, KOTopBie He saTenflioTCfl HHKaKoii 
flpyrofl TOHKofl as K B X- (h y-) HanpaBjieHHH. Bo3i>MeM jiioSyio Mepy /j, na. K c HopMoii 1. 

EcjiH n = 1, TO 

E{K) = 0, 

Tor/j,a, He yMenbinaji o6iri;HOCTH, jl{Dx) > 1/2. Tax xax pr^; HHteKTHBHa na D^, to > 1/2. 
HosTOMy ycjiOBHe (*) BbinojineHO fljia s ~ \- 
EcjiH n = 2, TO 

E{E{K))^$, nosTOMy D^UDy^ K -E{K) h U D^^) = 0. 

Hpn p,(E(K)) < 3/4: HMeeM Jl{Dx\JDy) > 1/4 h, ne yMeHbinaa o6iii,hocth, i1{Dx) > 1/8, snaHHT, 
KaK H B cjiyiae n = 1, HMeeM j/^^;! > 1/8. IIosTOMy ycjioBHe (*) BbinojiHeno fljia £ = |- 

HpH fi(E{K)) > 3/4 HMeeM — E{K)) < 1/4. Kax h b cjiynae n = 1, ne yMenbinaji 
oGmHocTH, Jix{.W'x{.E{K))) > fl{E{K))/2. CjieflOBaTejibHo ln^l — i ' | ~ 1 — |- HosTOMy ycjioBHe 
(*) BbinojmeHO ^jm £ = |. QED 

FjiaflKaa 6a3HCHOCTb. 

IlycTb K — no;];MHO>KecTBO hjiockocth R^. OyHKii;HH f : K ^ H nasbiBaeTCH du(f)(^epeHuupye- 
Mou (no Yhthh) , ecjiH fym jiio6oh tohkh zq & K cymecTByioT Taxne BexTop a G h 6ecKOHeHHo 
MajiaH (|)yHKii,Ha a : R^ — >■ R, hto fljia jiroGoii tohkh z ^ K BbinojiHeno 

f{z) = f{zo) + a- {z- zo) + a{z - zo)\z, zo\. 

Sflecb TOHKa osHanaeT snaK CKajiapHoro npoHSBefleHHfl BexTopoB a —: {fx, fy) n z — zq —: {x, y), 
T.e. a ■ {z — zq) — xfx + yfy OyHKi^na a : R^ — )■ R HasbiBaeTCfl 6ecKOHeHHo MaAou, ecjiH fljia 
jiioSoro HHCJia £ > cyiii,ecTByeT Taxoe hhcjio 5 > 0, hto fljia jiio6oh tohkh [x, y) G R^ 

ecjiH yj x'^ + y"^ < 5, to \a{x,y)\<£. 

IToaMiiojKCCTBO K C R^ iijiocKOCTH HasbiBaeTcs du(fj(f)epeHii,upyeMO 6a3UCHUM, ecjiH j^jm jim- 
6oR ^H4)(]3epeHij,HpyeMOH 4)yHKi];HH f : K H. cymecTByiOT xaKHe /],H4)(j3epeHii,HpyeMbie 4)yHKij,HH 
5f:R— )-Rh/i:R— )-R, hto ^jia jiio6oh tohkh {x, y) E K BBiiiojmjieTca f{x, y) = g{x) + h{y). 

13. (a) (b) (c) PeiuHTe anajiorH sa^aHH 6 fljia flH4)(jDepeHn,HpyeMOH GasHcnocTH. 

14. (a) rpa4)HK (J)yHKij,HH na OTpesKe [—1; 1] HBjiaeTca flH4)(3DepeHii,HpyeMO GasHCHbiM. 
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(b) JIoManaa c nocjieflOBaTejibHbiMH BepmHHaMH (—2,0), (—1,1), (0,0), (1,1) h (2,0) ne sb- 
jiaeTca flH(J)(J)epeHii,HpyeMO SaancHoii. (SaivieTHM, hto ona SasHcna.) 

(c) rionojiHeHHafl mojikha {([^^J"''^''^, [f ]~'^''^)}^i U {(0, 0)} ne flBjiaeTCfl flHcJxJjepeHi^npyeMO 
GasHCHOH. (3aMeTHM, hto ona ne aBjiaeTca TaKJKe SasHCHoii.) 

(d) IIoiiojiHeHHaH mojihhh {(2~^^\ 2~1?1)}5^^ U {(0, 0)} flBjiaeTCfl flH4)4)epeHii,HpyeMO 6a3HC- 

HOii. (SaMCTHM, HTO OHa He HBJIHeTCH GaSHCHOii.) 

(e) ** FHnoTeaa H. IIlHypHHKOBa. IIoiiojiHeHHaH mojihhs {an}'^^i U {(0,0)} /],H4)4)epeHii,H- 

oo 

pyeMO 6a3HCHa Tor^a h tojibko Tor^a, Kor^a nocjieflOBaTejiBHOCTb ^^^^^^ — orpaKHHena. 

15. (a) KpecT K — [(—1, —2), (1,2)] U [(—1, 1), (1, —1)] ne ABjiaeTca flncJxJjepeHi^HpyeMO 6a- 

3HCHL.IM. 

(b) ** rnnoTesa. Ho^^MHOJKecTBO {(t^, ■^Y^:^)}te[-- -] njiocKocra He HBjiaeTCH ^H4)(|)epeHii,H- 
pyeMo 6a3HCHbiM. yKaaaHHe: mojkho nbiTaxbCJi ^ejiaxb aHajiorHHHo sa^ane 15(a). 

(c) ** rnnoTesa. KycoHHO-jiHHeiiHijiH rpacjD na hjiockocth aBjiaeTca flH(|)(|)epeHii,HpyeMO 6a- 
SHCHbiM Tor^a H TOJiBKO TOPfla, Kor^a OH He coflepjKHT cKOJib yro^Ho ^jihhhbix mojihhh, h fljia 

jiioSbix jxBYX cumyAsipHux TOHCK a n h BbiHOjiHCHO x{a) 7^ x{b) H y[a) ^ y{b). ToHKa a G K 
HasbiBaercH cumyAsipnou, ecjiH HepeceneHHe K c jiio6biM ^hckom c H;eHTpoM b a ne SBjiaeTca 

HpHMOJIHHeHHbIM OTpeSKOM. 

(d) ** HaiiflHTe KpHTepnii flH(|)(|)epeHH,HpyeMOH 6a3HCHOCTH fljia rpa(J)OB b hjiockocth. 

(e) ** CyH];ecTByeT jih HenpepBiBHoe OTo6pajKeHHe OTpeaxa b hjiockoctb, o6pa3 KOToporo ab- 
jiaeTca flH4)4)epeHH;HpyeMO 6a3HCHi>iM, ho ne 6a3HCHi>iM? 

16. IlycTb K — no;];MHO>KecTBO hjiockocth h r > 0. OyHKn;HH f : K ^ H nasbiBaeTCH r pas 
ducfjcfjepenyupyeMou, ecjm ^jih jiio6oh tohkh zq E K cymecTByioT Taxne MHoroHjien f{z) = f{x, y) 
CTCHCHH He Bbime r ot ^Byx HepcMeHHbix x r y r GecKOHenno Majiaa 4)yHKH,H5i a : R, hto 
f{z) = f{z — zq) + a{z — zo)\z, zq\'^ flj[5i j[io6oH TOHKH z & K. (3to OHpeflCJieHHe OTjiHHaeTca ot 
oGmeiipHHflToro . ) 

(a) Hojib pas ;];H4)4)epeHn;HpyeML.ie 4)yHKn;HH — sto b tohhocth HeHpepBiBHbie, a o^hh pas 
^H4)4)epeHH,HpyeM£>ie — sto b tohhocth ;],H(j3(j3epeHH,HpyeM£>ie. 

(b) fl^jis jiioGoro H,ejioro HOJioacHTCJibHoro r onpeflCJiHTe r-flH4)4)epeHH,HpyeMyio 6a3HCHocTi> 

HOflMHOJKeCTB HJIOCKOCTH. 

(c) * fl^jia j[io6oro H;ej[oro A; > HafifleTCfl HOflMHOJKecTBO hjiockocth, r-flHcJxJjepeHi^HpyeMO 
6a3HCHoe fljrsi j[io6oro r = 0, 1, ... A;, ho ne r-flH4)4)epeHH,HpyeMO 6a3HCHoe hh fljia KaKoro r > k 
[RZ07]. 

(d) ** HattflHTe KpHTepHii r-/j,H4)4)epeHii,HpyeMOH 6a3HCHocTH fljiH rpa(J)OB b hjiockocth. 
PemeHHa sa^an. 

13. (a), (b), (c) AnajiornHHo 3a/i;aHaM 6(a), 3(a) h 3(b). 

14. (a) IlycTi. f{x,y) - /];H4)4)epeHii;HpyeMaa 4)yHKii;HH. Torfla f(x,\x\) — /(0, 0) = ax + b\x\ + 
a{x, \x\)\{x, \x\)\. IIojiojKHM h{y) = by, g{x) = f(x, \x\) — b\x\. Ho/ipoduee cm. [RZ07]. 

(b) IlpeflnojioJKHM, hto flaHHaa jiOManasi flH4)4)epeHii,HpyeMO 6a3HCHa. OyHKii,H5i f{x,y) = xy flHcJ)- 
(j3epeHi],HpyeMa. HosTOMy /(x, y) = g{x) + h{y) pjin neKOTopbix flH4)4)epeHi],HpyeMfaix 4)yHKi],HH g vi h. 
Tor^a 

2-2d = f{l + d,l-d) + f{l-d,l-d)=g{l + d) + g{l-d) + 2h{l -d) = 2g{l) + 2^(1) - 2h'{l)d + o{d). 
SnaHHT, h'(l) = 1. AnajiornHHo 

2d-2 = f{-l+d,l-d)+f{-l-d,l-d) = g{-l+d)+g{-l-d)+2h{l-d) = 2g{-l)+2h{l)-2h' {l)d+o{d). 
SnaHHT, ^'(1) = —1. IIpoTHBopeHHe. 
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(c) ripeflnojioJKHM, HTO 3Ta nonojiHeHHaa mojihhh flHcJacjaepeHi^npyeMO GasHcna. IIojiojkhm 
«n = ([^]-'/', /K) := n = 2,3,.... Ecjih = g{x) + h{y) ^jih neKOTopbix 
4)yHKii;HH g{x) h Tor/ia 7(02) — /(^^s) + fi^-A) — • • • cxoflHTCH k — ^((0) (aHajiorHHHO sa^ane 7b). 

Ho 3TO npOTHBOpeHHT paCXOflHMOCTH psfla ^ + I + 3 + • • • 

(d) He orpaHHHHBaa o6mHOCTH mojkho CHHTaTb, hto /(O, 0) = 0, Tor/];a B03bMH,M g{0) = h h{0) = 0. 

HOJITOKHM 

h{2-'') = /(2-(^+i), 2-'=) - /(2-(^+i), 2-(^'+i)) + /(2-(^+2), 2-('^+i)) - . . . , 

5(2-'=) = 7(2^'^, 2-'=) - /(2-('=+i), 2"'=) + /(2-('^+i), 2-('=+i)) - . . . , 

r;],e npaBbie nacTH cyTb cyMMbi snaKonepeMenHbix pujj^oB. 

Tenepb 51(2;) h MoryT 6biTb npo/];oji>KeHbi ;i,o /iHcJjcJiepeHi^HpyeMbix (J^yHKi^nfi R — ?> R. 

15. (a) Onpe^ejiHM 

w{0) = 0, w{A-' + A-^'') = w{A-') = H w{4:-'' + 4.-^'-^) = 2^' AJih i = 1,2,3,.... 

Hpo/iojiJKHM Tenepb 3Ty 4)yHKu;Hio KycoHHO-JiHHefiHO flo 4)yHKii;HH if : [0; 1] — )■ R. ^Ji^ ^ ^ [Oj 1] onpe^e- 
jiHM VK(x) KaK njiomaflb no/i; rpacJ^HKOM 4)yHKii,HH w na OTpesKe [0; x]. Onpe/],ejiHM /(x, — x) = W{x) fljia 
X € [0; 1] and f{x,y) = na ocTajibnbix TOHKax KpecTa. 

51cHO, HTO / /];H4)4)epeHn,HpyeMa bhb (0,0). Mojkho npoBepnTb, hto / /];H4)4)epenn;HpyeMa h b (0,0). 

HpeflnojioJKHM, hto f{x, y) = g{x)+h{y) flJiH neKOTopbix /];H4)4)epeHu;HpyeMbix g nh. He orpannnHBaH 
o6mHOCTH, 6yfleM CHHTaTb, HTO g{0) = h{0) = 0. OyHKu;HH g ne /];H4)4)epenn;HpyeMa b TOHKe x = 1/4, 
nocKOJibKy p^jiR < d < ^ Bbinojineno 



4 / ^V4/ V4 ; V4/ ^^42 47 

^w(-^ + ±)-w(-L.) = ■ > 

^ y4k+i ^ 4k) y^k+i ) 2 - 2 ■ 

Sflecb 

• nepBoe paBencTBO ^OKasbiBaeTCH c HcnojibsoBanneM flByx GecKonennbix mojihhh h3 ToneK KpecTa, 

HaHHHaiOmHXCH B TOHKaX {\ + — \ — d) H {\-,—\) H CXO/],HmHXCH K TOHKe (0, 0); 

• A; > TaKOBo, hto 4"^^ > 4d > 4~2{^-+i) ; 

• nepBoe nepaBencTBO Bbinojineno, nocKOjibKy W HeB03pacTaion],aH (J)ynKn;H5i; 

• BTopoe nepaBencTBO Bbinojineno, nocKOjibKy ^ > 

• BTopoe paBencTBO Bbinojineno no onpe^ejiennio nncjia k. 

(Anajiornnno flOKasbinaeTCH, hto g ne /];n4)4)epenn;HpyeMa nn b KaKon Tonxe BHfla x = 4~'.) 
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